CK-12 FOUNDATION 


CK-12 Algebra Explorations, 
Pre-K through Grade 7 


Say Thanks to the Authors 
Click http: //www.ck12.org/saythanks 
(No sign in required) 


Cavanagh Findell Greenes 


To access a customizable version of this book, as well as other interactive content, visit www.ck12.org 


CK-12 Foundation is a non-profit organization with a mission to reduce the cost of textbook mate- 
rials for the K-12 market both in the U.S. and worldwide. Using an open-content, web-based collaborative 
model termed the FlexBook®, CK-12 intends to pioneer the generation and distribution of high-quality 
educational content that will serve both as core text as well as provide an adaptive environment for 
learning, powered through the FlexBook Platform®. 


Copyright © 2011 CK-12 Foundation, www.ck12.org 


The names “CK-12” and “CK12” and associated logos and the terms “FlexBook®,” and “FlexBook 
Platform®,” (collectively “CK-12 Marks”) are trademarks and service marks of CK-12 Foundation and 
are protected by federal, state, and international laws. 


Any form of reproduction of this book in any format or medium, in whole or in sections must include the 
referral attribution link http://www.ck12.org/saythanks (placed in a visible location) in addition to 
the following terms. 


Except as otherwise noted, all CK-12 Content (including CK-12 Curriculum Material) is made available to 
Users in accordance with the Creative Commons Attribution/Non-Commercial/Share Alike 3.0 Unported 
(CC-BY-NC-SA) License (http: //creativecommons.org/licenses/by-nc-sa/3.0/), as amended and 
updated by Creative Commons from time to time (the “CC License”), which is incorporated herein by this 
reference. 


Complete terms can be found at http://www.ck12.org/terms. 


Printed: May 10, 2012 


flexboo< 


next generation textbooks 


Goee 


Authors 
Mary Cavanagh, Carol Findell, Carole Greenes 


i www.ck12.org 


Contents 


1 CK-12 Algebra Explorations, 


Pre-Kindergarten 1 
dol AGM. ng ok ee ho SEM ee ke oS eR ee ame a wk 1 
1 (Pichia qsrapns: 2 nee he A Oh a ee a ee 2 
Le Wram Cars 2... + p:24s seek keg ee ee eee he eee eee ee et 8 
L4 “Teeter Totierie ..4:. 4.26448 eae ee eRe ER Em ee Ee ES 10 
Lj .Peckitie Bags os 86 biG Bee a eo ed ee a a oe ar ee de 16 
dy USI CHU. ot a cok are bo A a A Se A ae EO aR RL Gee on ee 23 
2 CK-12 Algebra Explorations, 
Kindergarten 26 
OA WG GGMehIOn sn. 2 ack A Oe A ee Suk Pale ee Ba ee de ee le GD 26 
22 Number Towers ...0.4 44225445 bea ed ee hee Rae ee ee 27 
Zo OUPaWwe ei trlgeses ke ws OME a ee eR ek ae ee DES oe ee we 33 
24 “Teeter Tomer 4.66 es eka eh oe Oe a A da a we ee 40 
2.6 “T-Shirt Mystery ......44 4462.58 bbe ee ee Eee ee ee ee ee 43 
26 Goer Bale «2.2.40. sdae db wmie vee eee he Eade oa ee dae ee oe EES 51 
27 Pecilist Panes ©. 65 bs eG eae ee ey ee Ee Sey ee eo ee eee 55 
3 CK-12 Algebra Explorations, 
Grade 1 59 
ool Ga: ge kee oe we A ee me OH eb Rete ow had be Baw ER A ak 59 
oe Mealauce the Pans... 8a oe Ra ee ae ek EY eR ed ee ee ed eee 60 
3.0 How Many Pounds. .2..4 4452 5.8 Hb ea eee ee ee ee ee 67 
O4 “Winclee and Arrows .. 4.4 ...4 6b ee eA eRe Oke ee hE ee Ree ES 81 
oo ~ Larctles and Arrows Petras... sk te eb ae oe ee he ee be ee ee 86 
3.6 Fumetion Machines .. 2.642.422.0808 05 62 bee eM eee A Re ee et 89 
Oo Fianetion Machines Potram. . .2 4 26 6a eee he ea RE ee ee EES 98 
Oe OU RICO ae fa a ee a eR A ae ee ee ee ee 102 
ee enter ete GON gk ek eh ee A a ee ee a ee Be 116 


www.ck12.org ii 


S10 Stars and Moons Extras. «. 534 < 66 eek we Oe a wos 


CK-12 Algebra Explorations, 
Grade 2 


AG TG Gueiii gk eee Ae RO oe ee He RB adrae SH G 
aoe WWiG IBORee. ni 6 ce ek Ba oe RE ce BS 
4.3 What’sthe Weight ................-.2..2.22048. 
44 Uireles amid Arrows 200g a ee be ee ee 
im Wpether Gar a hae RR 2 eee Oe AR ae Ok BS 
a6. Critter Tieadet. .. 2k ke aa eed ee kw eR ee he eS 
a7 Punctiod Machines. 20-5 6 fad be pa we BO BaD Ake # SY 


48 (EO) Paiterie .. «nck fo RR Re a OG ee 


CK-12 Algebra Explorations, 
Grade 3 


SL (TibrotMehen 24. na Sa kee Re a ae ee eV ae BS 
H2 Jdaresgnd Jams .... 524445 85 Fb ee ee eee eee 
bo slare and Jae Peres i. kg a Oe ee Re EG 
BA Circles and Arrows . 205454 6 wae ee eae ee ee 
5.5 Circles and Arrows Extras. ...........-2.-02.+0000.- 
oO: Bollow the Rule. 4 a acca fad koe pe A eR BAB A dea eG 
5.7 Follow the Rule Extras. .................2.2048. 
5.8 What's My Rule ...2.4 455 551.845 Se ee dees 
5.9 What’s My Rule Extras .... 2... 0.2... 2 ee ee es 
5.10 Weight Problems .................-2-0220200. 
5.11 Weight Problems Extras ...................204. 
mol? Write IGQUBTIONS: «2 aden ek A ee ae eA als a dee eS 
5.13 Write Equations Extras ................0-0200. 
O14 Better Buy: Unit Price... 2p ee ee ea A 
5.15 Better Buy: Unit Price Extras 2. 2c kn ke ee eR Re 
5.16 Better Buy: Buying More than One ............... 
5.17 Better Buy: Buying More than One Extras ........... 
OLS PiCtGerap ls: 2 ogg a donee ge we QO gs a aR BB A area eG 
5.10 Pistoeriplis Exwas .. 64.54 4 ka A a ee ee Ve ee Ba eS 
5.20 Pietograph Keys .... 2.4455 55.842 ee ee be ee as 
Gol Pieteeraph Keys Extras: 2. 24000 ed ee Swed eae 


CK-12 Algebra Explorations, 
Grade 4 


ili 


240 


www.ck12.org 


Re Mee Sk A Se Oe eS Gece we Bek Be es els See ee BO 240 


tie Seotessunl bores... aw 2 Eek oe oe SR Pee eK oe Ee ae ee ee eee 242 
6.2 Boxes aid Bowes Pxtiae . ..4.2..04 4 ee 6 A wae eh ee Oe Ae we 245 
G4 Circles and Arrows... 2.44452 544 0b DR ede ER eR Ee ee 247 
6.5 Uireleg and Arrows Extra... . 4 e2. - ka eee Re eR Ree RE ED 250 
OG Pollo the hile... keke ke Se ee eh ee eee ee Pee See Ow ES 252 
G.7 Follow the Rule Extras: «coe ee a ewe Ee ee ee ee 259 
be Follow ihe Mules in (irder: 2 ee Vk Re ee i ee ee ee Re wed 266 
6.9 Follow the Rules in Order Extras .. 2... 2... 2 ee 273 
6.10 Weighing Weights. . 2... 6 ee ee eee we ee 276 
Gl “Weighing Weights Pattas . 2c ee ha be eRe ee Ede eb ewe eae 280 
G12 Bauarins with Tetiers 2. G6 ak koe Bs A Be A Bee RO Ge Ew BOR Bd Red 282 
6.13 Equations with Letters Extras... 24... . 684) ee Pe ey ee ee ke 286 
Gilt areal SSOPPINE sc ce A ee A Pe uk Pe ee eB He ae oR Pe eG 287 
G.05 Baroni Bhoppine Fetes. 6k ee ew a we EOL ee ee oe Ee Be 289 
GAG Dine Chest. nek Rha wee hte bee thee ne BAD Ree GS Ee Re Oe 291 
Oy Diep Uae Petree 4 ale eek ek Be PE ESE eR bee Ee Re EE OES 299 
G18 Bar traps 2c. os eee eA Se ee ee he ae Eo ee ee ee ee 302 
G.10 Bar tovaphs Extras. hah ee ea eae ee ae ee ke ee ew ae 306 
Gel Dlr Baie. a. ok 2G Be a Be a ee POR Se RRS Be RRS ee 308 
G2). Iinssing Bare Bxtras . 2.2 24a a ek bw ee ae Pa a ee ee Ee 311 


7 CK-12 Algebra Explorations, 


Grade 5 313 
teh, Tees nk fo Ae ES a he A ee ee Ee De Be ee eee 313 
7-2 Solve forthe Unknown 2... ee pee be ea eee ee 314 
73 Solve for the Unknown Extras... 0.0. pe ee Re ee ew 316 
7.4 Distributive Property and Solving for Unknowns ...............2..202-0004 317 
7.5 Distributive Property and Solving for Unknowns Extras .............02. 00004 318 
1 MWe AE 2 Se be ee RK ee ee ee Eee RG els 319 
ta “litele pits Betigs oo a ye ae a kh EE ee BS be eS ee A Gh QO A 322 
78 Hanging Seales .. 22.2445 462.42 bo RE ee Ee Rk ee ee ee 324 
72 Hanging heales Pxivae 2. we ee he ee Re ee eA a eee EE 328 
WoW fe es wo SE RG ee Ph Be Be a hee BE ee SEHR ES we 330 
oll AVS BAAS 2c oe be we ee OES he ee eee ee Se EO ee ee 332 
hebe Wegianele PaGia.. 6 cee ea ke doe Pale SUR Rake ee ee Ee a ee eR ee ed 332 
tobe ectable Pacis Bess... 6k a we ee ow aR he A a Be 335 


www.ck12.org iv 


7.14 
7.15 
716 
re id 
7.18 
19 
7.20 
7.21 


fsrwing Patterns. 6. ose bk be ek eA ea wR eee EG ee ee Eo eS 337 


iyeowine Pattern Exiree «4 64 Pon oo EK EE eA Ee PEG a ee ee 345 
Smiart Shoppe. «4.25444 22545 be wee eed a a ee eee ee 349 
Saath phOpplae EAS 26 aw ek be ah we hee ee he ee a ee ee ho 352 
Dave WIG 584 6 ee Be ae ee a a ee ee A le 353 
ave Mote: Extias .c. nas a 4 eo le ae eS A Se og oe le ee eR a ee 356 
Bin tyes: 22 bo kG k a DA eee we he eee REED A ELE LAS EA eR RO 357 
Mais (est PORES: oe we a A oe BA RR ee ee EA DO SH RR a be 362 


CK-12 Algebra Explorations, 


Grade 6 366 
Bl MO GMeGh see 4 ee em Ae pee Pek Be Ge em Be oe wk EG we 366 
B2 What's the Value. ..2..¢445 2.58 bbe eee eRe Ee ee ee 367 
Bo Solve tor Uikowhis «24.44.6466 84a ee he Ee ee ee eK a ee we oe EES 371 
SA Circle Sums 24205 6444s aoe oe Se EG be ee ew eA ee Ae ee EG EG de eee 375 
ey Tammie Sedge. 2a wk A ROR A Vo ak Poe ee ON RA ee eg Pee ed 379 
OO Higa 6st 64 bu aw dee hee ee oe She eae he SEES Ee bw ee ee 385 
e. Wectaiels Fas pai ke a Poe Dh eee we hee ee Pe ee oe a ew AE 390 
oe ‘Two-piep Patierme . 6.464 ah wee a eae ee ee ee Pe ae ee ee 395 
Ph) VEO Ce UIRON: goin, ee ae Syl pie ae de @ MO, Sie ew Syke meter Seel & a, Bees 398 
olU Trip Functione 22. 2 kha ba SAG we ee eA A PAGER Ree eS 403 
UL DPR ob ke ee we eo A Soe ae BH ae bee we ha Soe Ba EO BR ES 408 


CK-12 Algebra Explorations, 


Grade 7 415 
Ol WOR MetIOi. 6 ec aoe bo ee ee BO ck eG ee ee ee Pe eG ees 415 
9.2 A the Unknown. «.4 2:2 2480.58 0 e 4 bee Eee ee A eae ee 416 
Oo better ride lets. ove ei ade dee vale Ge halle CRS ee ae ee dae eee CAS 420 
Oa Letter Grids 5-6... 644 ee a be ek ee Ee EAR Ae Se eS 424 
0.5. Letter Grids Exite tor Be serts: ck ee A ee Oe ae eR Be ee ee ee 425 
DG Haieiie Shales: i. ids dae bee bert how ee SAD we Rea Ge bea ee 428 
O77 Hanging Seales Extra for Experts «2.5.4. 46 6 Pe kee ee Re Re ee eR RR Re 431 
De OBIG ce oo EG A ea PA a a ee we oh ee ee ee ae 432 
Oo Lines ot Mumbo. ..6.40 6 cae koe ee A Ee eee ete eS a ee 435 
9.10 Lines of Numbers Extra for Experts ......... 0000 2 eee ee es 439 
LAL Pei OBI ok ee A a Boe BR ww Bo @ area ye bas Eh GS Ok Be aw ded 440 
0.12 Fruit. Confusion Extra for Experts 24... . 0044 - 24 Se eA Re eV be ee ee ee 442 
9.13 Yummy Yogurt and Yummy Yogurt Extra for Experts ................2-0-. 443 


Vv www.ck12.org 


O14 Pedal Power: .2.64 ¢24 25 2 See N Ge eee Ee SA eR Ra BG Ee 
9.15 Pedal Power Extra tor Experts ..2 oc oe ee eR ee ee a 


www.ck12.org vi 


Chapter 1 


CK-12 Algebra Explorations, 
Pre-Kindergarten 


1.1 Introduction 


This algebra module has been designed to introduce Pre-kindergarten students to basic concepts of algebra 
and to enhance their problem solving skills. Each of the five sections of problems focuses on a key algebraic 
thinking strategy. Within each section, problems are sequenced by difficulty. For each problem, there is a 
set of questions to help students focus on important features of the problem in order to solve it. 


This module may be used to complement the existing instructional program. It is particularly useful to re- 
inforce concepts of number (counting, quantifying and comparing) and measurement (weight comparisons), 
as well as to develop problem solving skills. 


The Key Algebraic Concepts 


Equality /Inequality: In this module, students explore equal and unequal relationships by interpreting 
and reasoning about pictures of teeter totters with animals, one at each end of the teeter totter. Their job 
is to determine which animal is heavier, lighter, or if the two animals weigh the same. 


Proportional Reasoning: A major reasoning method for solving algebraic problems is by reasoning 
proportionally. Proportional reasoning is sometimes called “multiplicative reasoning,” because it requires 
application of multiplication. In this module, students are introduced to proportional relationships when 
they “fill” bags with shapes to look like a filled bag, and then count to figure out the total number of each 
type of shape. 


Interpret Representations: Mathematical relationships can be displayed in a variety of ways including 
with words, tables, graphs, diagrams and symbols. Having students interpret these types of displays and 
use the data in the displays to solve problems is critical to success with the study of algebra. In this module, 
students interpret pan balances, pictographs, drawings of bags of blocks, trains with cars of different colors, 
and pictures of pumpkins, people and other objects. 


Reason Deductively: Students compare pictures to clues in order to figure out the one picture that fits 
all of the clues. They then describe the matching picture. For all problems, three pictures are presented. 


Reason Inductively: Presented with trains of cars of different colors in repeating patterns, students first 
identify the colors of the cars and their sequence in the repetition. Second they identify colors of missing 
cars, either at the end of the train (“What comes next?”) or somewhere before the end of the train (“What 
color is missing?”). Lastly, students color the cars to complete the pattern. Note that for each pattern, 
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three repeats are given to establish the pattern. 
The Problem Solving Five-Step Model 


The model that we recommend to help students in all grades move through the solution problems has five 
steps. At the Pre-Kindergarten level, the focus is on Describe, Solve and Check. 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a pictograph or model. Having students tell what they see will help them 
interpret the problem and figure out what to do to solve the problem. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction and that you encourage 
your students to follow the steps when solving the problems in this module and when relating 
their solution processes to others. 


1.2 Picture Graphs 


Picture Graphs - Interpret Pictographs 


Given picture graphs showing two or three children’s names along the horizontal axis and pictures of same 
objects (e.g., balloons, books) stacked above the names, students study the graphs, decide who has more, 
less, the most, the least, or the same numbers of objects, and then count to tell the number of objects for 
each child. 


All questioning begins with “Tell me what you see,” followed by comparison questions (“More?”, “Less?”, 
“Most?”, “Least?”, “Same number?”) and identification of the colors of the objects, and then by questions 
about the numbers of objects. 


When counting, urge students to start at the top of a column of objects, and point to each object as it is 
counted. 


On the “Teacher” pages, questions to ask are shown below each graph along with answers. Graphs for the 
students to use appear on separate pages. Give each child a copy of each graph. 


Picture Graph 1 
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Bob Ann 


Bob Ann 


. What do you see? (Red balloons and yellow balloons.) 

. Point to the stack of red balloons. These balloons belong to Bob. 

. Point to the stack of yellow balloons. These balloons belong to Ann. 
Who has more balloons? (Bob) What color are Bob’s balloons? (Red) 

. How many red balloons does Bob have? (3) 

. Who has less balloons? (Ann) What color are Ann’s balloons? (Yellow) 
. How many yellow balloons does Ann have? (1) 


Picture Graph 2 
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1. What do you see? (Two stacks of paint brushes. One stack has green paint brushes. The other stack 
has black paint brushes) 

. Point to the stack of green paint brushes. These green paint brushes belong to Tom. 

. Point to the stack of black paint brushes. These black paint brushes belong to Brad. 

Who has more paint brushes? (Brad) What color are Brad’s paint brushes? (Black) 

. How many black paint brushes does Brad have? (4) 

. Who has less paint brushes? (Tom) What color Tom’s paint brushes? (Green) 

. How many green paint brushes does Tom have? (1) 


Picture Graph 3 
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Nan 


eee o 


Nan 


ook WN HE 


the same height.) 


Picture Graph 4 


eeeo 


Rich 


ee@eo 


Rich 


. What do you see? (Two stacks of yoyos. One stack has red yoyos. The other stack has blue yoyos.) 
. Point to the stack of red yoyos. These red yoyos belong to Rich. 

. Point to the stack of blue yoyos. These blue yoyos belong to Nan. 

. How many red yoyos belong to Rich? (4) 

. How many blue yoyos belong to Nan? (4) 

. Rich and Nan have the same number of yoyos. How can you tell by looking at the stacks? (They are 
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Sue Al Larr y 


Sue Al Lar t y 


1. What do you see? (Three stacks of crayons. One stack has purple crayons. One stack has red crayons. 
One stack has brown crayons.) 

2. Point to the stack that has the most crayons. These are Al’s crayons. What color are Al’s crayons? 
(Red) 

3. How many red crayons does Al have? (5) 

4. Point to the stack that has the least crayons. These are Larry’s crayons. What color are Larry’s 
crayons? (Brown) 

5. How many brown crayons does Larry have? (1) 

6. The purple crayons belong to Sue. How many purple crayons does Sue have? (3) 


Picture Graph 5 
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Ron Sonia Nina 


e @ 
eo @ 


Ron, Sonia Nina 


1. What do you see? (Three stacks of beach balls. One stack has pink beach balls. One stack has blue 
beach balls. One stack has yellow beach balls. Some students might point out that two stacks have 
the same number of beach balls.) 

2. Point to the stack that has the most beach balls. These are Nina’s beach balls. What color are Nina’s 
beach balls? (Yellow) 

3. How many yellow beach balls does Nina have? (5) 

4. Ron and Sonia have the same number of beach balls. Sonia’s beach balls are blue. How many blue 
beach balls does Sonia have? 

5. How many pink beach balls does Ron have? 

6. How can you tell without counting that Ron and Sonia have the same number of beach balls? (The 
stacks are the same height.) 


Picture Graph 6 
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Greg Eric Sandy 


Greg Eric Sandy 


. What do you see? (Three names. Only two stacks of puzzle boxes.) 

. Point to the stack that has the most puzzle boxes. These are Sandy’s puzzles. 

. How many puzzles does Sandy have? (4) 

. Point to the stack that has the least puzzles. These are Eric’s puzzles. 

. How many puzzles does Eric have? (0) 

. The other stack of puzzles belongs to Greg. How many puzzles does Greg have? (2) 


oOorwnmr 


1.3 Train Cars 


Train Cars - Complete Patterns 
Teacher Notes 


Students use crayons to color (or record letters) train cars, shown as squares, to complete patterns. Before 
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beginning, have students describe what they see, that is name the colors in order. Then have them use 
crayons to color the train cars to match the letters. In all patterns, B stands for blue, R stands for red, 
and Y stands for yellow. Car trains always show Pentunia’s face as the train’s engine, the first car, and 
Ozzie’s face at the end, as the caboose. Once students have finished coloring the empty cars of the train, 
have them name the colors aloud in order to check that the pattern “sounds right.” 


Depending on the pattern, students may be coloring squares near the end of the train to extend the pattern, 
or coloring squares that are within the pattern. In all patterns, there are three complete repeats of the 
same group of colors in order to establish the pattern before students have to color the cars. 


Solutions 

Puzzle Pattern 1 
R, B, Y, R 

Puzzle Pattern 2 
R, Y, Y 

Puzzle Pattern 3 
B, B, Y 

Puzzle Pattern 4 
R, B, Y 

Puzzle Pattern 5 
Y,R,R 

Puzzle Pattern 6 
R, Y, R, R, Y 
Train Cars 1 


ae ae ee: | | 


Train Cars 2 
Train Cars 3 


oh Ge ee eT 


Train Cars 4 
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Train Cars 5 


Train Cars 6 


Ph | 


1.4 ‘Teeter-Tottering 


Teeter Tottering - Balance 
Teacher Notes 


Presented with a picture of two animals on a teeter totter, students identify the animal that is heavier, 
lighter or decide if the two animals weigh the same. They describe how they figured it out from the picture 
of the teeter totter. Teacher questioning uses the following format: 


1. Look at the picture. 
Tell me what you see. 


2. Verify that students are correctly identifying the animals by having them point to the figures after they 
are named. 


3. Present the question: 

Who weighs more?/Who is heavier? 

Who weighs less?/Who is lighter? 

Do they weigh the same? 

4. Request a description of the decision making process, “How can you tell from the picture?” 


Teeter Tottering 1 
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Katey the Kitty 


Robbie the Rabbit 


Katey the Kitty 


Robbie the Rabbit 


Teacher Questions 

1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: a rabbit and a kitty.) 
2. Point to Katey the Kitty. 

(Good) 

3. Point to Robbie the Rabbit. 

(Good) 

4. Who is heavier? 

(Robbie) 

5. How can you tell from the picture? 

(The rabbit’s side is lower because he weighs more.) 


Teeter Tottering 2 
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Sam the Squitrel Robbie the Rabbit 


Sam the Squitrel Robbie the Rabbit 


Teacher Questions 

1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: a squirrel and a rabbit.) 
2. Point to Sam the Squirrel. 

(Good) 

3. Point to Robbie the Rabbit. 

(Good) 

4. They weigh the same. How can you tell from the picture? 
(The teeter totter is level.) 

Teeter Tottering 3 


Geoffrey the Giraffe 


Lester the Lion 
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Geoffrey the Giraffe 


Lester the Lion 


Teacher Questions 

1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: a giraffe and a lion.) 
2. Point to Geoffrey the Giraffe. 

(Good) 

3. Point to Lester the Lion. 

(Good) 

4. Who weighs more? 

(Geoffrey the Giraffe) 

How can you tell from the picture? 

(The giraffe’s side is lower because he weighs more.) 
5. Who weighs less? 

(Lester the Lion) 

How can you tell from the picture? 

(The lion’s side is higher because he weighs less.) 


Teeter Tottering 4 


Orly the Obter 


Cassie the Camel 
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Orly the Obter 


Cassie the Camel 


Teacher Questions 

1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: an otter and a camel.) 
2. Point to Orly the Otter. 

(Good) 

3. Point to Cassie the Camel. 

(Good) 

4. Who weighs more? /Who is heavier? 
(Cassie the Camel) 

How can you tell from the picture? 

(Cassie is at the bottom of the teeter totter.) 
5. Who weighs less? /Who is lighter? 

(Orly the Otter) 

How can you tell from the picture? 

(Orly is at the top of the teeter totter.) 
Teeter Tottering 5 


Ellie the Baby Derrick 
Elephant the Donkey 
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Ellie the Baby Derrick 
Elephant the Donkey 


Teacher Questions 

1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: a baby elephant and a donkey.) 
2. Point to Ellie the Elephant. 

(Good) 

3. Point to Derrick the Donkey. 

(Good) 

4. They weigh the same. How can you tell from the picture? 
(The teeter totter is level.) 

Teeter Tottering 6 


Harry the Hippopotarius 


Andrea the Aardvark 


Harry the Hippopotaraus An, qrea the Aar dvark 


Teacher Questions 
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1. Look at the picture. 

What do you see? 

(2 animals on a teeter totter: a hippopotamus and an aardvark.) 
2. Point to Harry the Hippopotamus. 

(Good) 

3. Point to Andrea the Aardvark. 

(Good) 

4. Who weighs less? /Who is lighter? 

(Andrea the Aardvark) 

How can you tell from the picture? 

(The aardvark is at the top of the teeter totter.) 
5. Who weighs more? /Who is heavier? 

(Harry the Hippopotamus) 

How can you tell from the picture? 


(The hippopotamus is at the bottom of the teeter totter.) 


1.5 Packing Bags 


Packing Bags - Proportional Reasoning 
Teacher Notes 


Given pictures of two, three, or four bags, one of which is filled with circles, squares or triangles, students 
use their tiles to fill the other bags to look the same. They then identify the total number of tiles of each 
shape. Patterns for cutting tiles from heavy stock paper are supplied at the end of this activity. If you 
have shape tiles, students may use those. 


For each Packing Bags, problem, always begin by asking students to identify the contents of the “filled” 
bag, describing or naming the shapes, and counting to determine the number of each. 


For your convenience, each packing bags problem is reduced in size and shown along with questions and 
directions for you to follow to engage students in the activity. The pictures only are available for you to 
duplicate to give to each student. 


Packing Bags 1 
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— 


peso 


Teacher Questions 
Look at the picture. 
What do you see? 


(2 bags. One bag has 2 circles and one triangle. The other bag is empty.) 


Point to the bag with the triangle. 
How many triangles are in the bag? (1) 
Point to the circles. 

How many circles are in the bag? (2) 
This is Ann’s bag. 

Use your shape tiles. 

Put one triangle into the empty bag. 
Put 2 circles into the empty bag. 
Count the shapes. 

How many circles in all? (2) 

How many triangles in all? (4) 


Packing Bags 2 
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Teacher Questions 
Look at the picture. 
What do you see? 


(2 bags. One bag has 2 triangles, 1 circle and one square. The other bag is empty.) 


Point to the bag with the triangles. 
How many triangles are in the bag? (2) 
Point to the circles. 

How many circles are in the bag? (1) 
Point to the square. 

How many squares are in the bag? (1) 
This is Ted’s bag. 

Use your shape tiles. 

Put 2 triangles into the empty bag. 
Put 1 circle into the empty bag. 

Put 1 square into the empty bag. 
Count the shapes. 

How many triangles in all? (4) 

How many circles in all? (2) 


How many squares in all? (2) 
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Packing Bags 3 


Teacher Notes 

Look at the picture. 

What do you see? 

(3 bags. One bag has 1 circle and 2 squares.. The other two bags are empty.) 
Point to the bag with the shapes. 

How many squares are in the bag? (2) 

How many circles are in the bag? (1) 

This is Bob’s bag. 

Use your shape tiles. 


Put 2 squares into each empty bag. 
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Put 1 circle into each empty bag. 
Count the shapes. 

How many squares in all? (6) 
How many circles in all? (3) 


Packing Bags 4 


Teacher Notes 

Look at the picture. 

What do you see? 

(3 bags. One bag has 2 square, 2 triangles, and 1 circle. The other two bags are empty.) 
Point to the bag with the shapes. 

How many squares are in the bag? (2) 

How many triangles are in the bag? (2) 

How many circles are in the bag? (1) 

This is Sue’s bag. 

Use your shape tiles. 


Put 2 squares into each empty bag. 
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Put 2 triangles into each empty bag. 
Put 1 circle into each empty bag. 
Count the shapes. 

How many squares in all? (6) 

How many triangles in all? (6) 

How many circles in all? (3) 


Packing Bags 5 


Teacher Notes 

Look at the picture. 

What do you see? 

(3 bags. One bag has 4 circles, 1 triangle and 1 square. The other two bags are empty.) 
Point to the bag with the shapes. 

How many circles are in the bag? (3) 

How many triangles are in the bag? (1) 


How many squares are in the bag? (1) 
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This is Sue’s bag. 

Use your shape tiles. 

Put 3 circles into each empty bag. 
Put 1 triangle into each empty bag. 
Put 1 square into each empty bag. 
Count the shapes. 

How many circles in all? (9) 

How many triangles in all? (3) 


How many circles in all? (3) 


Packing Bags 6 


Debbie’s Bag 
Ee 


Teacher Notes 


Look at the picture. 

What do you see? 

(4 bags. One bag has 2 triangles, 1 circle and 2 squares. The other three bags are empty.) 
Point to the bag with the shapes. 


www.ck12.org 22 


How many triangles are in the bag? (2) 
How many circles are in the bag? (1) 
How many squares are in the bag? (2) 
This is Debbie’s bag. 

Use your shape tiles. 

Put 2 triangles into each empty bag. 
Put 1 circle into each empty bag. 

Put 2 squares into each empty bag. 
Count the shapes. 

How many triangles in all? (8) 

How many circles in all? We 


How many squares in all? ( 


AAA 
AAA 


AA 


1.6 Using Clues 


Using Clues - Deductive Reasoning 
Teacher Notes 
Students are shown three pictures and clues to identify the character being described. 


To conduct this activity, cut out each picture and mount it on cardboard. Place the three pictures in the 
order indicated by the letters on the bottom left of each picture, A, B, C. After reading the first clue, point 
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to each picture and ask if the picture matches the clue. If it does, leave it in the same position. If it does 
not match, remove it from view. Read the second clue, and follow the same “matching” procedure. When 
there is only one picture left, have students tell you about the remaining picture matching the items and 
number of items as described in the clues. 


Mr. Rippledandy has a hat. 
He is wearing eyeglasses. 
Who is Mr. Rippledandy? 
(Face C) 


@ @)| 


Peter Palooka’s pumpkin has a triangle nose. 


Peter’s pumpkin has a mouth. 
Which pumpkin is Peter Palooka’s pumpkin? 
(Pumpkin B) 


Mr. Liketysplitity’s Umbrella has 2 circles. 


It has one triangle. 
Which umbrella is Mr. Liketysplitity’s umbrella? 
(Umbrella A) 
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Mr. Bobbity’s Book has 1 snake on the cover. 
His book has 3 spiders on the cover. 

Which book is Mr. Bobbity’s book? 

(Book A) 


Anna’s Balloon has one dot. 


Her balloon has 4 stars. 
Which balloon is Anna’s balloon? 


(Balloon B) 


Mrs. Starglitter’s Purse has 2 stripes. 
Her purse has 5 squares. 

Which purse is Mrs. Starglitter’s purse? 
(Purse C) 
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Chapter 2 


CK-12 Algebra Explorations, 
Kindergarten 


2.1 Introduction 


This algebra module has been designed to introduce kindergarten students to basic concepts of algebra 
and to enhance their problem solving skills. Each of the six sections of problems focuses on a key algebraic 
thinking strategy. Within each section, problems are sequenced by difficulty 


This module may be used to complement the existing instructional program. It is particularly useful to re- 
inforce concepts of number (counting, quantifying and comparing) and measurement (weight comparisons), 
as well as to develop problem solving skills. 


The Key Algebraic Concepts 


Equality /Inequality: In this module, students explore equal and unequal relationships by interpreting 
and reasoning about pictures of teeter totters with animals, one at each end of each teeter totter. Their job 
is to determine which animal is heavier, heaviest, lighter, lightest, or if the animals have the same weight. 


Proportional Reasoning: A major reasoning method for solving algebraic problems is by reasoning 
proportionally. Proportional reasoning is sometimes called “multiplicative reasoning,” because it requires 
application of multiplication. In this module, students are introduced to proportional relationships when 
they “fill” glasses with straws (2 or 5 straws per glass), and count by 2s or 5s to figure out the total number 
of straws. 


Interpret Representations: Mathematical relationships can be displayed in a variety of ways including 
with words, tables, graphs, diagrams and symbols. Having students interpret these types of displays and 
use the data in the displays to solve problems is critical to success with the study of algebra. In this 
module, students interpret pan balances, picture graphs, towers of numbers, letter patterns, and pictures 
of T-shirts with geometric shapes. 


Reason Deductively: Students compare pictures to clues in order to figure out the one picture that fits 
all of the clues. They then describe the matching picture. For all problems, four pictures are presented. 
Given number towers with some numbers missing, students supply the missing numbers. 


Reason Inductively: Presented with three rows of letters of a pattern, students identify the pattern and 
continue it by supplying the next two rows of letters. 


The Problem Solving Five-Step Model 
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The model that we recommend to help students in all grades move through the solution problems has five 
steps. At the Pre-Kindergarten level, the focus is on Describe, Solve and Check. 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a pictograph or model. Having students tell what they see will help them 
interpret the problem and figure out what to do to solve the problem. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction and that you encourage your 
students to follow the steps when solving the problems in this module and when describing 
their solution processes to others. 


2.2 Number Towers 


Number Towers - Number Relationships 


Teacher Notes: Given towers and sets of numbers in clouds, students use the numbers to fill in the cubes 
so that the numbers are arranged from the least on top to the greatest on the bottom. Notice that numbers 
are not always consecutive. Complete problems 1 and 2 with the students so that they understand what 
they are to do. 


Solutions: 


OOOO 
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is 
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Number Towers 1 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


Number Towers 2 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


OmmEe| 


Number Towers 3 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


Number Towers 4 


www.ck12.org 30 


Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


Number Towers 5 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


Number Towers 6 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


ai 4 


Number Towers 7 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 
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Number Towers 8 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 


Number Towers 9 
Use the numbers in the clouds. Fill in cubes with numbers. 


The least number is on the top and the greatest is on the bottom. 
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2.3 Straws and Glasses 


Straws and Glasses - Proportional Reasoning 


Students draw 2 or 5 straws in each glass. They count to tell the number of straws in all. Encourage 
students to count by 2s or by 5s to figure out the total. Provide crayons or markers for drawing. You may 
want to do problems 1, 2 and 3,that focus on counting by 2s, as a class exploration. Likewise, 7, 8 and 9, 
that focus on counting by 5s, may be good to complete as a whole class activity. 


Solutions 


2. 
Be : oe a 
— 3 
3. 
4, 
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10. 


11. 


390 
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12. 


Draw 2 in each glass. 


Count the straws. 
How many straws in all? 


1. 


straws in all 


straws in all 
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straws in all 


Draw 2 in each glass. 


Count the straws. 


How many straws in all? 


4, 


straws in all 


a 


straws in all 
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UUUUY 


straws in all 


Draw 5 


in each glass. 


Count the straws. 


How many straws in all? 


straws in all 


straws in all 
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9. 


straws in all 


Draw 5 in each glass. 


Count the straws. 


How many straws in all? 


ggg 


straws in all 


GuUUY 


straws in all 
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12. 


UUY 
UUY 


straws in all 


2.4 ‘Teeter Totter 


Teeter Totter - Balance 
Teacher Notes 


Students are given two pictures showing animals on teeter totters. In one picture the two animals are 
shown in balance (they weigh the same). In the other pictures, animals are shown off balance (they have 
different weights). Give each child a copy of the pictures A and B. On your copy, keep the set of questions. 
Answers are in parentheses. 


Students answer questions about the perceived weights of the animals, and then determine who weighs the 
most and the least. 


Teeter Totter 1 


Cynthia the squirrel Bob the bat Cynthia the squirrel 


Leonard the lion 
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Cynthia the squirrel Bob the bat Cynthia the squirrel 


Leonard the lion 


1. Tell me what you see. 

2. When I name the animals, I want you to point to them. Cynthia the squirrel. Bob the bat. Leonard 
the lion. 

3. Which picture shows two animals that weigh the same? (A) How can you tell from the picture? (The 
balance is not tipped.) 

4. Which animal weighs more in Picture B? (Leonard the lion.) How can you tell from the picture? 
(The lion side of the teeter totter is lower.) 

5. Who weighs the most? (Leonard the lion.) How did you decide? (The squirrel and the bat weigh the 
same. The lion weighs more than the squirrel, so he also weighs more than the bat. The lion weighs 
the most.) 


Teeter Totter 2 


Rafael the racoon Donald the dog Donald the dog Kit the cat 


Rafael the racoon Donald the dog Donald the dog Kit the cat 


1. Tell me what you see. 
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2. When I name the animals, I want you to point to them. Kit the cat. Donald the dog. Rafael the 
raccoon. 

3. Which picture shows that Kit the cat weighs less than Donald the dog? (B) How can you tell from 
the picture? (Donald the dog is on the bottom of the teeter totter and Kit the cat is on the higher 
side.) 

4. Which picture shows that Rafael the Racoon weighs the same as Donald the Dog? (A) How can you 
tell from the picture? (The teeter totter is not tipped.) 

5. Who weighs the least? (Kit the cat.) How did you decide? (The cat weighs less than the dog. Since 
the raccoon and the dog weigh the same, the cat also weighs less than the raccoon.) 


Teeter Totter 3 


Ollie the otter Horace the hippo 


Walter the walrus 


Ollie the otter Horace the hippo 


Walter the walrus 


Horace the hippo 


1. Tell me what you see. 

2. When I name the animals, I want you to point to them. Horace the hippo. Ollie the otter. Wally 
the walrus. 

3. Which two animals weigh the same? (Wally the walrus and Horace the hippo) Which picture show 
that they weigh the same? (B) 

4. Which animal weighs less than Horace the hippo? (Ollie the otter) How can you tell from the picture? 
(Ollie’s side of the balance beam is higher.) 

5. Who weighs the least? (Ollie the otter) How can you tell? (Since the walrus weighs the same as the 
hippo, and the he hippo weighs more than the otter, then the walrus weighs more than the otter. So 
the otter weighs the least.) 


Teeter Totter 4 
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Donald the deer 


Roosevelt the baby 
rhinocerous 


Donald the deer 


Roosevelt the baby 


rhinocerous z Bernice the bear 
Bernice the bear 


1. Tell me what you see. 

2. When I name the animals, I want you to point to them. Roosevelt the rhinoceros. Donald the deer. 
Bernice the bear. 

3. Which picture shows that Roosevelt the rhinoceros weighs less than Bernice the bear? (A) How can 
you tell from the picture? (The rhinoceros is on the upper side of the teeter totter and the bear is on 
the lower side.) 

4. Which picture shows that Roosevelt the rhinoceros weighs the same as Donald the deer? (B) How 
can you tell from the picture? (The teeter totter is not tipped.) 

5. Who weighs the most? (Bernice the bear) How did you decide? (The rhinoceros and the deer weigh 
the same. Since the bear wears more than the rhinoceros, then the bear weighs more than the deer. 
So, the bear weighs the most.) 


2.5 T-Shirt Mystery 


T-Shirt Mystery - Reason Deductively 
Students use clues to figure out who owns the T-shirt. 
All clues are about the number of sides and corners of polygons pictured on T-shirts. 


To begin the activity, cut out the four pictures for problem 1, and arrange them face-up, in a row in the 
order, A, B, C, D. (You may want to back them with cardboard to make them easier to handle.) After 
you read each, have students identify all pictures that match that clue. If a picture doesn’t match, turn it 
face down. When only one picture remains, have students describe the shapes on the T-shirt and point to 
and count the sides and corners of the polygon. 


Solutions 
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ewnN re 
Qeuy 


T-Shirt Mystery 1 
Which T-shirt belongs to Lucy Goosie? 
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Clues: Lucy Goosie’s T-shirt has: 


e One square (excludes B) 
« A shape with 3 sides (excludes C) 
e One shape with exactly 5 corners (excludes A) 


T-Shirt Mystery 2 


Which T-shirt belongs to Edna Elephant? 
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aa (as aay 


Clues: Edna Elephant’s T-shirt has: 


e One shape with exactly 4 sides (excludes D) 


e Two shapes with 3 corners (excludes A) 


e Exactly one circle (excludes C) 


T-Shirt Mystery 3 


Which T-shirt belongs to Sam Snake? 


—< 7 > 
a N= = a 
X = / 
f A 
@ 
| 


AT 
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Clues: Sam Snake’s T-shirt has: 


e Only one shape with exactly 5 corners (excludes D) 


e Only one shape with 4 sides (excludes C) 


e No triangles (excludes B) 


T-Shirt Mystery 4 


Which T-shirt belongs to Pansy Pelican? 


A = —— 
e—_SJ-~ 
f ‘eo /\ 
/ \ © / , 
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/ 
Be 
| 
oh 
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Clues: Pansy Pelican’s T-shirt has: 


e Three shapes with exactly 4 sides (excludes A) 
¢« Two shapes with 6 corners (excludes D) 
e One circle (excludes B) 


2.6 Sports Balls 


Sports Balls - Interpret Picture Graphs 
Teacher Notes 


Given picture graphs showing names of students across the horizontal axis and items stacked above the 
names, students have to interpret the graphs and describe the relationships in order to answer the questions. 
Relationships include greatest number, least number, more than, less than and the same number of. 


For each problem, an instructional sequence of directions and questions is provided. After each question, 
answers are shown in parentheses. 


Prior to beginning the problems, duplicate copies of the picture graph, one for each child. Provide red, 
blue, yellow and green crayons for coloring. 


Sports Balls 1 
Student page 


Tennis Balls 


Ella Ann Bob Sam 


Names 
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Tennis Balls 


Ella Ann Bob Sam 


Teacher page 


1. This picture graph shows four students and the tennis balls they have. The circles stand for tennis 
balls. Point to each name as I say the name: Ella, Ann, Bob, Sam. 


2. Bob has the greatest number of tennis balls. How many tennis balls does Bob have? (6) Color Bob’s 
tennis balls green. 


How can you tell from looking at the graph that Bob has the greatest number of tennis balls? (His stack 
of balls is the tallest.) 


3. Ann has the least number of tennis balls. How many does Ann have? (2) Color Ann’s tennis balls 
yellow. 


How can you tell from looking at the graph that Ann has the least number of tennis balls? (Her stack is 
the shortest. ) 


4. Sam has one more tennis ball than Ann. How many tennis balls does Sam have? (3) Color Sam’s tennis 
balls blue. 


5. Look at the stack of balls that you haven’t colored. These are Ella’s tennis balls. How many tennis 
balls does Ella have? (5) Color Ella’s tennis balls red. 


Sports Balls 2 
Student page 


Ping Pong Balls 


o § 


Todd Dina Matt Carol 


Names 
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Ping Pong Balls 


Todd Dina Matt Carol 


Teacher page 


1. This picture graph shows four students and the ping pong balls they have. The circles stand for ping 
pong balls. Point to each name as I say the name: Todd, Dina, Matt, Carol. 


2. Matt has the least number of ping pong balls. How many ping pong balls does Matt have? (1). Color 
Matt’s ping pong balls blue. 


How can you tell from the graph that Matt has the least number of ping pong balls? (His stack is the 
shortest. ) 


3. Todd and Carol have the same number of ping pong balls. How many ping pong balls do they each 
have? (8) Color their ping pong balls yellow. 


How can you tell from the graph that Todd and Carol have the same number of ping pong balls? (Their 
stacks are the same height.) 


4. Dina has the greatest number of ping pong balls. How many ping pong balls does she have? (5) Color 
Dina’s ping pong balls red. 


How can you tell from the graph that Dina has the greatest number of ping pong balls? (Her stack is the 
highest.) 


Sports Balls 3 
Student page 


Basketballs 


Jeff Roz Pedro Cindy 


Names 
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Basketballs 


Jeff Roz Pedro Cindy 


Names 


Teacher page 


1. This picture graph shows four students and the basketballs they have. The circles stand for basketballs. 
Point to each name as I say the name: Jeff, Roz, Pedro, Cindy. 


2. How many basketballs does Roz have? (0) 
How can you tell from the graph that Roz has zero basketballs? (They are no circles above her name.) 


3. Who has the greatest number of basketballs? (Jeff) How many basketballs does Jeff have? (6). Color 
Jeff’s basketballs red. 


4. Pedro has 2 less basketballs than Jeff. How many basketballs does Pedro have? (4) Color Pedro’s 
basketballs green. 


5. Cindy has 2 more basketballs than Roz. How many basketballs does Cindy have? (2) Color Cindy’s 
basketballs yellow. 


Sports Balls 4 
Student page 


Golf Balls 
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| Golf Balls | 
Amy Don 


Beth Eric 


Names 


Teacher page 


1. This picture graph shows four students and the golf balls they have. The circles stand for golf balls. 
Point to each name as I say the name: Ang, Beth, Don, Eric. 


2. Who has the greatest number of golf balls? (Eric) How many golf balls does Eric have? (8) Color Eric’s 
golf balls red. 


3. Don has 6 less golf balls than Eric. How many golf balls does Don have? (2) Color Don’s golf balls 
yellow. 


4. Beth has twice as many golf balls as Don. How many golf balls does Beth have? (4) Color Beth’s golf 
balls blue. 


5. Ang has 3 more golf balls than Beth. How many golf balls does Ang have? (7) Color Ang’s golf balls 
green. 


2.7 Peculiar Patterns 


Peculiar Patterns - Extend Patterns 
Teacher Notes 


Students identify the pattern among rows of a letter tower and then continue the pattern to complete the 
next two rows. Patterns require students to know the sequence of letters in the alphabet and to be able 
to print those letters. Complete patterns 1 and 2 with the students, before having them complete the 
remaining patterns on their own. 


Solutions: 
1KLMN 
KLMNO 
2. CDEFG 
CDEFGH 
3. FGHIJK 
FGHIJKL 
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4. DEEEE 
EFFFFF 

5. KK L 

MMN 

6. SOOOOD 
SOOOOOD 
7.XYZZ2ZZZ 
XYZZZZZZ 

8 MMMMOON 
MMMMOOON 
9 RDDDDR 
REEEEER 
10.TPPPPT 
TQQQQQT 


Peculiar Patterns 1 


Complete the next two rows. 


Write the letters. 
K 

K L 

KLM 

K 


K 


Peculiar Patterns 2 


Complete the next two rows. 


Write the letters. 
CD 

CDE 
CDEF 


Peculiar Patterns 3 


Complete the next two rows. 


Write the letters. 
FGH 
FGHI 
FGHIJ 
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Peculiar Patterns 4 
Complete the next two rows. 
Write the letters. 

AB 

BCC 

CDDD 

D 

E 


Peculiar Patterns 5 
Complete the next two rows. 
Write the letters. 

EEF 

GGH 

II J 


Peculiar Patterns 6 
Complete the next two rows. 
Write the letters. 

sOD 

SOOD 

SOOOD 


Peculiar Patterns 7 
Complete the next two rows. 
Write the letters. 

XYZZ 

XYZZZ 

XYZZZZ 

x 

x 


Peculiar Patterns 8 
Complete the next two rows. 
Write the letters. 
MOON 
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MMOON 
MMMOON 
M 


M 


Peculiar Patterns 9 


Complete the next two rows. 


Write the letters. 
RAR 
RBBR 
RCCCR 

R 


R 


Peculiar Patterns 10 


Complete the next two rows. 


Write the letters. 
TMT 
TNNT 
TOOOT 
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Chapter 3 


CK-12 Algebra Explorations, 
Grade 1 


3.1 Introduction 


This algebra module has been designed to introduce grade 1 students to ten key concepts of algebra and 
to enhance their problem solving skills. Each section begins with a brief description of the problem set 
and the concepts and skills developed. This is followed by the solutions to problems in the problem set. 
The first problem in each set is the “teaching problem.” It is completed following the five-step problem 
solving model and is designed to be used by teachers as the centerpiece of the instructional program. The 
teaching problem, to be completed by students with the teacher’s guidance, is followed by problems to be 
completed by the students working on their own or in pairs. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 
Equality /Inequality: 


In this module, students explore equal and unequal relationships by interpreting and reasoning about 
pictures of pan balances. Their job is to figure out which boxes to place in an empty pan to balance the 
weight in the other pan. This is preparation for the study of variables as unknowns in equations, and 
reinforcing the concept that there are often multiple solutions to a problem. 


Variables as unknowns: 


Variables may be letters, geometric shapes, or objects that stand for a number of things. When used to 
represent an unknown, the variable has only one value. For example, in the equation, t+5 = 7, the variable 
t is an unknown and it stands for the number 2. When f is replaced with 2 in the equation, the expression 
to the left of the equal symbol names the same number as the expression to the right of the equal symbol; 
2+ 5 is another name for 7. In this module, students explore the skill of replacement of variables with 
their values in order to determine the total weight of collections of various types of blocks, sand solve for 
unknowns in two-by-two grids representing systems of equations. 


Variables as varying quantities: 
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In some equations, variables can take on more than one value. For example, in the equation g = 2 +7, if 
the value of qg is 5, then the value of r is 3. Or, if the value of r is 9, the value of g is 11. So, in this case g 
can be any number. However, once you choose a value for g, then the value for r is fixed. Likewise, once 
you choose a value for r, then the value of g is fixed. Variables as varying quantities appear in functions 
and formulas. In this module, students complete tables of values for one-step (e.g., y = 2z) functions, and 
continue patterns in which elements of the pattern vary based on position. 


Proportional Reasoning: 


A major method for solving algebraic problems is by reasoning proportionally. Proportional reasoning is 
sometimes called “multiplicative reasoning,” because it requires application of multiplication or its inverse, 
division. In this module, students reason proportionally when, given the price of one silly sticker, they 
compute the cost of multiple sets of the stickers. 


Interpret Representations: 


Mathematical relationships can be displayed in a variety of ways including with text, tables, graphs, 
diagrams and with symbols. Having students interpret these types of displays and use the data in the 
displays to solve problems is critical to success with the study of algebra. In this module, students interpret 
pan balances, circle and arrow grid diagrams, tables of values, and weight scales. 


Write Equations: 


Although an equation is a symbolic representation of a mathematical relationship, the writing of an equation 
is a key algebraic skill and one that requires separate attention and instruction. In this module, students 
learn to write letter and number equations for the various collections of weights that can balance the pans. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction with the first problem in each problem 
set and that you encourage your students to follow the steps when solving the problems and when relating 
their solution processes to others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant. 


3.2 Balance the Pans 


Balance the Pans — Balance-Equality 
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Teacher Notes 


Given a two-pan balance with one pan empty and a weight in the other pan, students determine the boxes 
that can be placed in the empty pan to balance the pans. Since there is an unlimited number of boxes of 
each type, there is more than one set of boxes that make the pans balance. In other words, all problems 


have multiple solutions. 


To identify and check the sets of boxes that balance the pans, students will add with more than two 
addends, all single 0 digit numbers 8 or less. Alternatively, students can count up to find sums. All sums 


are 18 or less. 

Solutions 

Balance the Pans 1 
C+C=6 pounds 
D+D+4+D+4+D+D+D=6 pounds 
C+D+4+D+D=6 pounds 
Balance the Pans 2 
F+F+4F=9 pounds 
F+E+E+E=9 pounds 
Balance the Pans 3 
G+G+G+G+G=5 pounds 
H+G+G+G=5 pounds 
H+H+G=5 pounds 
Balance the Pans 4 
J+J4+J+/JI+J=10 pounds 
I+J+J+J=10 pounds 
I+1+J=10 pounds 
Balance the Pans 5 
K+K+K+K =12 pounds 
L+L=12 pounds 
L+K+K =12 pounds 
Balance the Pans 6 
M+M+M-+M = 16 pounds 
N+ N= 16 pounds 
N+M+M = 16 pounds 


(Teacher Page) — You have lots of these boxes. 
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(aj- 4 pounds (Bl) 2 pounds 


Put boxes in the empty pan. 


Make the pans balance. 
Which boxes will you use? 


Can you do it another way? 


Describe : There are 2 pans. 
One pan holds a box. The box weighs 8 pounds. 
The other pan is empty. 
Box A weighs 4 pounds. 
Box B weighs 2 pounds. 
There are lots of boxes. 
My Job: Figure out which boxes to put in the pan. 
The boxes have to weigh 8 pounds in all. 
Plan : Try to make 8 pounds using A boxes only. 
Try using B boxes only. 
Try using both A and B boxes. 
Solve : These will make the pans balance: 
2 A boxes weigh 8 pounds. 
4 B boxes weigh 8 pounds. 
One A box and 2 B boxes weigh 8 pounds. 


Check : 4+4=8 
24+24242=8 
44+2+4+2=8 


Balance the Pans 1 


You have lots of these boxes. 
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Put boxes in the empty pan. 
Make the pans balance. 
Which boxes will you use? 
Can you do it another way? 
Balance the Pans 2 


You have lots of these boxes. 


= || = 3 pounds 


Put boxes in the empty pan. 


Make the pans balance. 
Which boxes will you use? 
Can you do it another way? 
Balance the Pans 3 


You have lots of these boxes. 


63 


www.ck12.org 


G || = 1 pound (Al)- 2 pounds 


Put boxes in the empty pan. 
Make the pans balance. 
Which boxes will you use? 
Can you do it another way? 
Balance the Pans 4 


You have lots of these boxes. 


fr )- 4 pounds call 2 pounds 


Put boxes in the empty pan. 


Make the pans balance. 
Which boxes will you use? 
Can you do it another way? 
Balance the Pans 5 


You have lots of these boxes. 
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(K})- 3 pounds Di) = 6 pounds 


Put boxes in the empty pan. 
Make the pans balance. 
Which boxes will you use? 
Can you do it another way? 
Balance the Pans 6 


You have lots of these boxes. 


(M{)- 4 pounds [Nn |J- 8 pounds 


Put boxes in the empty pan. 


Make the pans balance. 

Which boxes will you use? 

Can you do it another way? 

Extras for Experts: Balance the Pans — Balance-Equality 
Solutions 

Extra for Experts: Balance the Pans 1 
P+P+P+P+4+P=15 pounds 
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Q+P+P+4+P=15 pounds 

Q+Q+P=15 pounds 

Extra for Experts: Balance the Pans 2 
R+R+R+R+S =11 pounds 

R+S +S +S =11 pounds 

Extra for Experts: Balance the Pans 3 
Z+Z+Z+Z+2Z+4+Z=18 pounds 
Y+Y+Y+Z=18 pounds 

Extra for Experts: Balance the Pans 1 


You have lots of these boxes. 


Put boxes in the empty pan. 


Make the pans balance. 

Which boxes will you use? 

Can you do it another way? 

Extra for Experts: Balance the Pans 2 


You have lots of these boxes. 
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= 3 pounds 


Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you do it another way? 

Extra for Experts: Balance the Pans 3 


You have lots of these boxes. 


fy [= 5 pounds val = 3 pounds 


Put boxes in the empty pan. 


Make the pans balance. 
Which boxes will you use? 


Can you do it another way? 


3.3 How Many Pounds 


How Many Pounds? — Equation Solving: Replace Variables with Their Values 


Teacher Notes 


67 www.ck12.org 


Given the weights of two blocks, students determine the total weight of various collections of these blocks. 
The key algebraic idea is that of replacement. To figure out the total weight of a collection of blocks, 
students record the weight of each block on that block (i.e. replacing it with its value), and then add to 
determine the total weight. These problems prepare students for the skill of substitution which is a major 
problem solving technique in the solution of algebraic equations. 


Solutions 


How Many Pounds? 1 


1. 7 pounds 
2. 11 pounds 
3. 14 pounds 


How Many Pounds? 2 


1. 12 pounds 
2. 15 pounds 
3. 18 pounds 


How Many Pounds? 3 


1. 20 pounds 
2. 18 pounds 
3. 22 pounds 


How Many Pounds? 4 


1. 20 pounds 
2. 19 pounds 
3. 30 pounds 


How Many Pounds? 
(Teacher Page) 
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Figure out the total number of pounds. 


Describe : 


My Job: 
Plan : 


Solve: 


Three scales with blocks. 
A: one cube is 4 pounds. 


B: one cylinder is 2 pounds. 


C: one cube and 2 cylinders. No number of pounds. 


Figure out the total number of pounds for scale C. 
Write the numbers of pounds on the blocks on C. 


Add to figure out the total number of pounds. 
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C is 8 pounds 


Check: 44+2+2=8 
How Many Pounds 1 


Figure out the total number of pounds. 


Write the number on the scale. 
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How Many Pounds 2 
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Figure out the total number of pounds. 


Write the number on the scale. 
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How Many Pounds? 3 
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Figure out the total number of pounds. 


Write the number on the scale. 
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How Many Pounds? 4 
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Figure out the total number of pounds. 


Write the number on the scale. 
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Extras for Experts: How Many Pounds? 
Solutions 
Extra for Experts: How Many Pounds? 1 
1. 30 pounds 
2. 23 pounds 
3. 40 pounds 
Extra for Experts: How Many Pounds? 2 
1. 19 pounds 
2. 20 pounds 
3. 26 pounds 


Extra for Experts: How Many Pounds? 1 
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Figure out the total number of pounds. 


Write the number on the scale. 
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Extra for Experts: How many pounds? 2 
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Figure out the total number of pounds. 


Write the number on the scale. 
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3.4 Circles and Arrows 


Circles and Arrows — Solve for Unknowns 


In these problems, students are presented two-by-two grids containing circles and arrows. Circles contain 
numbers or letters that represent unknown quantities. Arrows point to sums of rows and columns. Each 
row and column represents an equation. For example, a row showing A, A and an arrow pointing to 4, 
can also be represented by the equation: A+ A = 4. Students use the grid relationships to figure out the 
values of the letters. There are often several ways to begin to solve each problem. Encourage students to 
consider and talk about alternative approaches. All sums in the first set of problems are 10 or less. In the 
Extras for Experts, sums are 18 or less. 


Solutions 
1.C=3,D=1 
2. E=5,F=2 
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3.G=4,H=1 
4. J=1,K=5 
5. L=2,M=3 
6. N=5,P=3 
7. 0O=2,R=4 
8. § =4,T=2 
9. U=4,V=6 


10. W=2,x =3 


Figure out the value of each letter. 


Describe : Two rows and two columns with numbers and letters. 


Arrows point to sums. 


My Job: Figure out the values of letters A and B. 

Plan: Start with the first row. Solve for A. 
Then figure out B. 

Solve : At+tA=4, soA=2, 


In the first column, A+ B=5 
Replace A with 2. 
Then 2+ B=5.B=5-2, or 3. 
Check : Replace all As with 2. 
Replace all Bs with 3. 
Add rows and columns. Check with sums. 
Row 1:2+2=4 Column 1:24+3=5 
Row 2:3+6=9 Column 2:2+6=8 


1. Figure out the value of each letter. 
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2. Figure out the value of each letter. 


3. Figure out the value of each letter. 


4. Figure out the value of each letter. 
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5. Figure out the value of each letter. 


6. Figure out the value of each letter. 


7. Figure out the value of each letter. 
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8. Figure out the value of each letter. 


9. Figure out the value of each letter. 


10. Figure out the value of each letter. 
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3.5 Circles and Arrows Extras 


Extra for Experts: Circles and Arrows - Solve for Unknowns 


1. Figure out the value of each letter. 


2. Figure out the value of each letter. 
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5. Figure out the value of each letter. 
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8. Figure out the value of each letter. 
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Solutions 
1A=5,B=3 
2.C=2,D=4 
3. E=5,F =4 
4.G=4,H=5 
5. J=8,K =6 
6. L=9,M=5 
7. N=5,P=3 
8. O=2,R=9 


3.6 Function Machines 


Function Machines — Complete one-step function tables 


For these problems, students follow rules presented in words and with symbols to complete two-column 
function tables. Each of the rules requires one computational step. Problems 1-8 use addition. Problems 
9 — 12 use subtraction. 


Solutions 
i, 
Table 3.1: 
In Out 
2 3 
6 7 
0 1 
8 9 
4 5 
2 
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Table 3.2: 


NINOrR Ow 
i 


Table 3.3: 


mow oe FR 
hb 
j=) 


Table 3.4: 


In Out 


or wnoe an 


DW co own 
KH 
j=) 
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Table 3.6: 


Woaomnm uo 
KH 
j=) 


Table 3.7: 


In Out 


rwWrNY DD © 
oe) 


Table 3.8: 


In Out 


WwW orn bdo 
Co 


Table 3.9: 


In Out 


CRN W OI 
AaWan & 


10. 
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Table 3.10: 


In Out 
7 5 
3 1 
8 6 
6 4 
5 3 
11. 
Table 3.11: 
In Out 
6 1 
10 5 
8 3 
7 2 
9 4 
12. 
Table 3.12: 
In Out 
5 2 
8 5 
4 1 
3 0 
7 4 
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La 
In Add 2 : Out 


What are the OUT numbers? 
Follow the rule. Complete the table. 


Rule: Add 2 


Describe: The box is an Add 2 machine. The table has IN numbers and OUT 
numbers. Some OUT numbers are missing. 


My Job: — Fill in the other OUT numbers. 


Plan : Add 2 to each IN number to get the OUT number. 
Solve: 
Table 3.13: 

In Out 

1 3 

4 6 

3 5 

0 2 

5 7 


Check: Start with the IN number. Count up: 4, 5,6 
3,4,5 
0,1,2 
5,6, 7 
Follow the rules. Complete the tables. 
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Rule: Add 1 


Add 3 


Rule: 


Rule: Add 5 
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Rule: Add 4 


In Out 
6 
0 
3 
4 
5 
Rule: Add 2 
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Rule: Add 6 


Rule: Add 7 


Rule: Subtract 1 
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Rule: Subtract 2 


Rule: Subtract 5 


Rule: Subtract 3 
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3.7 Function Machines Extras 


Extra for Experts: Function Machines - Complete one-step function tables 


Follow the rules. Complete the tables. 


Rule: Add 5 


In Out 


o;|o}| Ww] o;|s 


Rule: Add 6 


In Out 


Rl oO; a) © | Ww 
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Rule: Add 9 


In Out 

1 

5 

Z 

S) 

4 

Rule: Add 8 

In Out 
2 

8 

4 

7 

tS) 

Rule: Subtract 4 

In Out 
9 5 
10 

7 

8 
15 
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Rule: Subtract 6 


Out 


Rule: Subtract 7 


Out 


Rule: Subtract 9 


—— = =2Sti 


In Out 


10 
13 


17 
12 
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Solutions 


1. 
Table 3.14: 


In Out 


om wen fe 
oe) 


Table 3.15: 


In Out 


& OO W 
— 
— 


Table 3.16: 


In Out 


10 
14 
11 
18 
13 


ee ON OF 


Table 3.17: 


In Out 


10 
16 
12 
15 
17 


on & CO bl 
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Table 3.18: 


In Out 
9 5 
10 6 
7 3 
8 4 
15 11 
6. 
Table 3.19: 
In Out 
8 2 
12 6 
9 3 
10 4 
14 8 
ie 
Table 3.20: 
In Out 
10 3 
8 1 
14 7 
9 2 
15 8 
8. 
Table 3.21: 
In Out 
10 1 
13 4 
9 0 
17 8 
12 3 


3.8 Silly Stickers 


Silly Stickers — Reason Proportionally 


Teacher Notes 
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Given the price of one sticker, students compute the cost of 2 to 12 stickers. To do the computation, 
students can either use repeated addition or skip count. Sticker prices are 2, 5 or 10 cents in this set of 
problems. In the Extras for Experts, individual stickers are 3, 4, or 6 cents 


Encourage students to record the cost of a sticker on each of the stickers in each set. This will facilitate 
the skip counting or use of repeated addition. 


Solutions 

Silly Stickers: Hats 
15 

10 

30 

25 

35 

45 

. 50 

. 60 


SNA WN 


Silly Stickers: Faces 
9. 4 

10. 10 

11. 6 

12. 8 

13. 12 

14. 16 

15. 14 

16. 20 

Silly Stickers: Shoes 
17. 30 

18. 60 

19. 50 

20. 90 

21. 40 

22. 80 

23. 70 

24. 100 or $1 

Silly Stickers: Hats 
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5¢ 


How much for these stickers? 


Describe: One silly sticker is 5¢ 

There are 8 stickers. 

The 8 stickers don’t have a price. 
My Job: Figure out how many cents for 8 stickers. 
Plan : Write 5¢ on each sticker. 

Count by 5s to get the number of cents. 


Solve: 
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8 stickers cost 40¢ 
Check: Add each row: 

5+5+5+5 = 20¢ 

5+5+5+5 = 20¢ 

20 + 20 = 40¢ 
Silly Stickers: Hats 


5¢ 
How much for these stickers? 
1. 
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Silly Stickers: Hats 


How much for these stickers? 
5. 
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Silly Stickers: Faces 


2¢ 


How much for these stickers? 
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10. 


11. 


12. 


Silly Stickers: Faces 


How much for these stickers? 
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Bae 
ODD S.. 


moos 
OT. 


AQIQae 
O|® 


ao 
seqeo. 


10¢ 


How much for these stickers? 
17. 


18. 


19. 


20. 


Silly Stickers: Shoes 
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10¢ 


How much for these stickers? 


21. 


22. 


23. 


24. 


Extras for Experts Silly Stickers: Masks 
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wy) 


3¢ 


How much for thes 


eee. 
BEES. 
eee, 


4. 
yo 
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Extras for Experts Silly Stickers: Masks 


3¢ 


How much for these stickers? 


a mama 
Been 
BEegs . 
ad via a 
a eva ev 
abel 
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ba heal ca nal 
ha kala al 
ha wala nal ed 
Ba bea ala 


? ¢ 


Extras for Experts Silly Stickers: Masks 
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RIT REIS) 
Sse). 


A) 
“sh is) 


Extras for Experts Silly Stickers: Masks 


6¢ 


How much for these stickers? 


? ¢ 


MENBNB.. 
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14. 


? ¢ 


SEES 


SEBS 
NMEBNB.. 


Extras for Experts Silly Stickers: Masks 


Solutions 


WNNF FD 
oOo FFF CO bl 


D 
oO 


Ree 
POC ON at PWN 
ee w 
(=>) (=>) 


a 
AAR WN 
aAanwNwer bv 
of CO CO fF 


3.9 Stars and Moons 


Stars and Moons - Extend Patterns 
Teaching Notes 


Students identify patterns of stars and moons on three cards and make drawings on the next three cards 
to continue the pattern. Star patterns may differ from moon patterns. For example, the number of stars 
may remain constant while the number of moons increases by 1. To facilitate the drawing of stars and 
moons, suggest that students use an asterisk (*) to represent a star and the capital letter C to represent 
the moon. 


Solutions 
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al 


CC 
CC 


Ww | ow 
CC ICCC 
CCOCCE 


www w 
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Stars and Moons 


WW [xX Ww iy x 
‘a wise w 
€C CICCC 


1 2 3 a 5 6 


Continue the pattern. Draw sv and G the empty cards. 


Describe: There are 6 cards. 
Card 1: 2 stars and 1 moon 
Card 2: 3 stars and 2 moons 
Card 3:4 stars and 3 moons 
Card 4,5 and 6 are empty. 
My Job: Figure out the pattern. 
Make drawings on the empty cards. 
Plan : Look at the card numbers. Figure out the pattern of starts 
Look at the card numbers. Figure out the pattern of moons. 
Make the drawings. 


Solve: 


wv vy live xe We | 
c | Be oy | oe 
€ CIC eee ESE 


1 5 6 


Continue the pattern. Draw So and G the empty cards. 


Check: The number of moons is always the same as the card number. 


The number of starts is one more than the moon number. 


Stars and Moons 1 
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w il w | w 
C 1 CCC 


ars and IVloons 


ars and IVlioons 


Continue the pattern. Draw to and ¢ on the empty cards. 
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Continue the pattern. Draw So and G the empty cards. 


3.10 Stars and Moons Extras 


Extras for Experts: Stars and Moons - Extend Patterns 
Solutions 

1. Card 4: [ART: 7 stars, 4 moons] 

Card 5: [ART: 8 star, 5 moons] 

Card 6: [ART: 9 stars; 6 moons] 

2. Card 4: [ART: 5 stars, 8 moons] 

Card 5: [ART: 6 stara, 10 moons] 

Card 6: [ART: 7 stars; 12 moons] 


Stars and Moons 1 


— 
Wy lyre 

lied fe: Wry 

C IC CICCC 


1 2 3 4 


Continue the pattern. Draw wv and G the empty cards. 


Stars and Moons 2 
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Chapter 4 


CK-12 Algebra Explorations, 
Grade 2 


4.1 Introduction 


This algebra module has been designed to introduce grade 2 students to ten key concepts of algebra and 
to enhance their problem solving skills. Each section begins with a brief description of the problem set 
and the concepts and skills developed. This is followed by the solutions to problems in the problem set. 
The first problem in each set is the “teaching problem.” It is completed following the five-step problem 
solving model and is designed to be used by teachers as the centerpiece of the instructional program. The 
teaching problem, to be completed by students with the teacher’s guidance, is followed by problems to be 
completed by the students working on their own or in pairs. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 
Equality /Inequality: 


In this module, students explore equal and unequal relationships by interpreting and reasoning about 
pictures of pan balances. Their job is to figure out which boxes to place in an empty pan to balance the 
weight in the other pan. This is preparation for the study of variables as unknowns in equations, and 
reinforcing the concept that there are often multiple solutions to a problem. 


Variables as unknowns: 


Variables may be letters, geometric shapes, or objects that stand for a number of things. When used to 
represent an unknown, the variable has only one value. For example, in the equation, t+5 = 7, the variable 
t is an unknown and it stands for the number 2. When f is replaced with 2 in the equation, the expression 
to the left of the equal symbol names the same number as the expression to the right of the equal symbol; 
2+ 5 is another name for 7. In this module, students solve for the weights of blocks on scales, and for 
unknowns in two-by-two grids representing systems of equations. 


Variables as varying quantities: 
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In some equations, variables can take on more than one value. For example, in the equation g = 2 +7, if 
the value of qg is 5, then the value of r is 3. Or, if the value of r is 9, the value of g is 11. So, in this case g 
can be any number. However, once you choose a value for g, then the value for r is fixed. Likewise, once 
you choose a value for r, then the value of g is fixed. Variables as varying quantities appear in functions 
and formulas. In this module, students complete tables of values for two-step (e.g., Add 5 and then subtract 
2) functions, and continue patterns in which the elements vary based on their position in the pattern. 


Proportional Reasoning: 


A major method for solving algebraic problems is by reasoning proportionally. Proportional reasoning is 
sometimes called “multiplicative reasoning,” because it requires application of multiplication or its inverse, 
division. In this module, students reason proportionally as they trade “critters” as well as compute the 
unit costs of items in order to determine the better buy. 


Interpret Representations: 


Mathematical relationships can be displayed in a variety of ways including with text, tables, graphs, 
diagrams and with symbols. Having students interpret these types of displays and use the data in the 
displays to solve problems is critical to success with the study of algebra. In this module, students 
interpret pan balances, circle and arrow grid diagrams, tables of values, weight scales and patterns of 
geometric shapes. 


Write Equations: 


Although an equation is a symbolic representation of a mathematical relationship, the writing of an equation 
is a key algebraic skill and one that requires separate attention and instruction. In this module, students 
learn to write letter and number equations for the various collections of weights that can balance the pans. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction with the first problem in each problem 
set and that you encourage your students to follow the steps when solving the problems and when relating 
their solution processes to others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant. 
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4.2 Which Boxes 


Which Boxes? — Balance-Equality 
Teacher Notes 


Given a two-pan balance with one pan empty and a weight in the other pan, students determine which 
boxes from a set of two or three boxes when placed in the empty pan will cause the pans to balance. Since 
there is an unlimited number of boxes of each type, there is more than one set of boxes that make the pans 
balance. So, all problems have multiple solutions. 


Solutions 

Which Boxes? 1 
H+H-+H=9 pounds 
H+L+L+L=9 pounds 
G+H+L=9 pounds 

Which Boxes? 2 
F+F+F+F+F=5 pounds 
F+F+4+F+£E=5 pounds 
E+E+F=5 pounds 
E+D=5 pounds 
D+F+F=5 pounds 

Which Boxes? 3 
J+J+4+J4+J4+ J+J = 12 pounds 
K+K+K+4+K =12 pounds 
J+J+J+K+K = 12 pounds 
J+L+L= 12 pounds 
J+J+K+4+L=12 pounds 
Which Boxes? 4 
R+R+R+R+R=15 pounds 
R+R+R+S =15 pounds 
R+8S +S =15 pounds 
R+R+Q=15 pounds 

Q+S =15 pound 

(Teacher Page) — You have lots of these boxes. 
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is 2 pounds 


is 3 pounds 
is 4 pounds 
Put boxes in the empty pan. 
Make the pans balance. 
Which boxes will you use? 
Can you use a different set of boxes? Explain. 
Describe : Two pans. One pan is empty. Other pan has a 10-pound box. 
There are three other types of boxes. 
A is 2 pounds. 
B is 3 pounds. 
C is 4 pounds. 
There are lots of each type of box. 
My Job: Figure out which boxes will make the pans balance. 


Plan: Try to make 10 pounds with: 
Only A boxes 
Only B boxes 
Only C boxes 
Then try combinations: 
As and Bs 
As and Cs 
Bs and Cs 
As, Bs and Cs 
Solve : 5 A boxes weigh 10 pounds 
2 A and 2 B boxes weigh 10 pounds 
One A box and 2 C boxes weigh 10 pounds 
2 B boxes and one C box weigh 10 pounds 
Check : 2+2+2+2+2=10 
2+24+3+3=10 
2+4+4=10 
3+3+4= 10 


Which Boxes? 1 
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le] is 4 pounds 
[*] is 3 pounds 
[ is 2 pounds 

Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you use a different set of boxes? Explain. 

Which Boxes? 2 
[>] is 3 pounds 
ia is 2 pounds 
le] is 1 pound 


Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you use a different set of boxes? Explain. 


Which Boxes? 3 
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is 2 pounds 


is 3 pounds 
is 5 pounds 

Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you use a different set of boxes? Explain 

Which Boxes? 4 
is 9 pounds 
is 3 pounds 
is 6 pounds 


Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you use a different set of boxes? Explain 
Extras for Experts: Which Boxes? — Balance-Equality 
Solutions 

Extra for Experts: Which Boxes? 1 
W+W+W-+W = 16 pounds 

Y+Y= 16 pounds 

W+xX+X =16 pounds 

W+W+/Y=16 pounds 

Extra for Experts: Which Boxes? 2 
P+P+P+P+P+4+P+P=14 pounds 
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N+P+P+P+4+P+4+P=14 pounds 
N+N+P+P+P=14 pounds 
N+N+N+P=14 pounds 
M+M+P+P=14 pounds 
M+M+WN=14 pounds 

Extras for Experts: Which Boxes? 1 


is 4 pounds 
is 6 pounds 
is 8 pounds 

Put boxes in the empty pan. 

Make the pans balance. 

Which boxes will you use? 

Can you use a different set of boxes? Explain. 

Extras for Experts: Which Boxes? 2 
is 5 pounds 
is 4 pounds 
is 2 pounds 


Put boxes in the empty pan. 
Make the pans balance. 
Which boxes will you use? 


Can you use a different set of boxes? Explain. 
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4.3. What’s the Weight 


What?’s the Weight? — Solve for Unknowns 


Teacher Notes 


Given two scales, each holding one, two, or three blocks of two different types, students have to figure out 
the weights of the individual blocks. They do this by first identifying the scale that holds only one type of 
block (one unknown) and solving for the weight of that block. Next, students replace that block with its 


weight on the other scale, and then solve for the weight of the second block. 


These problems provide introduction to the solution of systems of two equations with two unknowns. Each 
scale represents one equation, and can be represented symbolically. For example, a scale that shows two 


cubes with a total weight of 4 pounds can be displayed as x + x = 4. 


Solutions 


What’s the Weight? 1 


1. Cube is 5 pounds; sphere is 1 pound 
2. Sphere is 8 pounds; cylinder is 2 pounds 


What’s the Weight? 2 


1. Triangular prism is 6 pounds; cylinder is 9 pounds 
2. Sphere is 5 pounds; triangular prism is 8 pounds 


What’s the Weight? 3 


1. Triangular prism is 7 pounds; cube is 2 pounds 
2. Cylinder is 6 pounds; sphere is 1 pound 


What’s the Weight? 4 


1. Cube is 5 pounds; sphere is 3 pounds 
2. Cylinder is 7 pounds; triangular prism is 2 pounds 


What’s the Weight? 
(Teacher page) 
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| oe is pounds 
a is pounds 


Describe : Two scales 
A: 2 cubes weigh 40 pounds 
B: 1 cube and 1 cylinder weigh 6 pounds 
My Job: Figure out the weight of one cube and one cylinder. 
Plan : Start with A. Figure out the weight of one cube. 
In B, replace the cube with its weight. 
Figure out the weight of the cylinder. 
Solve : A: cube + cube = 4 pounds, so one cube is half of 4, or 2 pounds. 
B: Replace cube with 2. 
Then 2 + cylinder = 6 pounds. 
Cylinder = 6 - 2, or 4 pounds. 
Check : Replace each cube with 2 pounds. 
Replace the cylinder with 4 pounds. 
Check with the scale weights. 
A: 2+2=A4pounds B: 2+ 4=6 pounds 


What’s the Weight? 1 
Figure out the weight of each block. 
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What?’s the Weight? 2 
Figure out the weight of each block. 
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e@ is pounds 
a‘ pounds 


What?’s the Weight? 3 
Figure out the weight of each block. 


ayttren 
AEE, 
ee 4, 


pounds 


pounds 
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What’s the Weight? 4 
Figure out the weight of each block. 


pounds 


pounds 


a is pounds 
| i is pounds 


Extra for Experts: What’s the Weight? — Solve for Unknowns 
Solutions 


Extra for Experts: What’s the Weight? 1 


1. Cylinder is 3 pounds; sphere is 9 pounds 
2. Cube is 1 pound; cylinder is 8 pounds 


Extra for Experts: What’s the Weight? 2 


1. Triangular prism is 2 pounds; sphere is 6 pounds 
2. Cube is 3 pounds; triangular prism is 7 pounds 


Extra for Experts: What’s the Weight? 1 
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mis pounds 
a is pounds 


Extra for Experts: What’s the Weight? 2 
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a is pounds 
| is pounds 


4.4 Circles and Arrows 


Circles and Arrows — Solve for Unknowns 


Circles and Arrows show grids with two rows and three columns. In each grid, circles contain numbers or 
letters. Letters represent unknown quantities. Arrows point to sums of rows and columns. All rows and 
columns represent equations. For example, a row that shows A,A, 4 and a sum of 10, can be represented 
asA+A+4= 10. Students use the grid relationships to figure out the values of the letters. There are 
often several ways to begin to solve each problem. Encourage students to consider alternative solution 
approaches and to talk about them. 


Solutions 
1.C=5,D=4 
2. E=3,D=8 
3.G=2,H=5 
4. J=6,K=4 
5. K=8,M=4 
6. N=3,P=7 
7. 0=4,R=2 
8. § =6,T=5 
9. U=3,V=8 
10. W=9,xX =4 


Figure out the value of each letter. 
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12 


Neg 


Describe : 


My Job: 
Plan : 


Solve: 


Check : 


10 10 


There are two rows and three columns of numbers and letters. 

Arrows point to sums. 

Figure out the value of the letters A and B. 

Start with column 3. Solve for B. 

Replace B with its value in Column 2. Solve for A. 

Column 3:B+B=12.S0, B=6. 

Column 2:4 +6=9.5S0, A=9-6, or 3. 

Replace all As with 3. Replace all Bs with 6. 

Add rows and columns. Check with the sums. 

Row 1:3+3+6=12 Column1:3+5=8 

Row 2:5+6+6=17 Column 2:3+6=9 
Column 3:6+6= 12 


15 


12 
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13 


18 


13 


13 


14 


18 
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15 


13 


20 


15 


14 


we 
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Extras for Experts: Circles and Arrows — Solve for Unknowns 


Figure out the value of each letter. 
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16 


Me 


13 


14 


11 


11 
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20 


19 
N= 
p 
24 
17 
Q= 
14 12 15 RSs 
y 
Solutions 
1A=8:B=4 
2.c=5;D=9 
3. E=1;F= 
4.G=6;H= 
5. J=4,K=3 
6. L=2;M=8 
7.N=7;P= 
8. O=6;R= 


4.5 Better Buy 


Better Buy — Proportional Reasoning 
Teacher Notes 


Given the costs of items at two stores, Mac’s and Zac’s, students determine the unit price, or price for one, 
and compare the prices. In the first set of problems, one of the stores gives the unit price. The other store 
gives prices for 2 or 3 of the items. 


In the Extras for Experts, two of the four problems, require students to figure out the unit price at both 
stores. 


For all problems, students identify the store with the better buy and describe their solution process. They 
also compute the cost of multiple items at one of the two stores in the first set of problems, and in the 
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Extras for Experts, they compute the costs of multiple items at both stores. 
Solutions 


Better Buy 1 


1. Mac’s 
2. Mac’s: 1 gallon is $4. Zac’s: 1 gallon is half of $10, or $5. $4 < $5 
3. $4 + $4, or $8 


Better Buy 2 


1. Zac’s 
2. Mac’s: 1 bottle is $2. Zac’s: Since 3 bottles cost $3, 1 bottle is $1. $1 < $2 
3. $2 + $2 + $2, or $6 


Better Buy 3 


1. Mac’s 
2. Mac’s: 1 pound is half of 40 ¢., or 20¢... Zac’s: 1 pound is 30¢. 20¢ < 30c. 
3. 60¢ 


Better Buy 4 


1. Zac’s 
2. Mac’s: 1 plant is $12. Zac’s: Since 3 plants cost $30, 1 plant is $10. $10 < $12 
3. $12 + $12 + $12, or $36 


Better Buy 


Zac’s 
Noodles 


Mac’s 
Noodles 


1 box for $5 2 boxes for $8 


Which store sells 1 box of noodles for less? 


How did you figure it out? 
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Describe : Mac’s and Zac’s sell noodles. 
Mac’s: 1 box is $5 


Zac’s: 2 boxes are $8 


My Job: Figure out the cost of one box of noodles at Mac’s and at Zac’s. 
Then tell which costs less. 
Plan : At Mac’s, one box is $5. 


At Zac’s, 2 boxes are $8. 
To figure out the cost of one box, take half of $8. 


Then compare the prices. 


Solve : Half of $8 is $4. So, one box of noodles at Zac’s is $4. 
One box of noodles costs less at Zac’s than at Mac’s. 
Check : $4 is less than $5 


Better Buy 1 


Zac’s 
Milk 


= 
To 


(:) @) 


1 gallon for $4 2 gallons for $10 


1. Which store sells a gallon of milk for less? 
2. How did you decide? 
3. How much would it cost to buy 2 gallons of milk at Mac’s? 


Better Buy 2 


‘ 


1 bottle for $2 3 Boilies for $3 


1. Which store sells a bottle of water for less? 
2. How did you decide? 
3. How much would it cost to buy 3 bottles of water at Mac’s? 
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Better Buy 3 


Zac’s 
Onions 


Mac’s 
Onions 


2 pounds for 40¢ 1 pound for 30¢ 


1. Which store sells 1 pound of onions for less? 
2. How did you decide? 
3. How much would it cost to buy 2 pounds of onions at Zac’s? 


Better Buy 4 


Zac’s 
Cactus Plants 


Mac’s 
Cactus Plants 


YYyY 


$12 each 3 plants for $10 


1. Which store sells 1 cactus plant or less? 
2. How did you decide? 
3. How much would it cost to buy 3 cactus plants at Mac’s? 


Extras for Experts: Better Buy — Proportional Reasoning 
Solutions: 

Extra for Experts Better Buy 1 
1. Zac’s 

2. Mac’s: 1 box is half of $6, or $3 
Zac’s: 1 sack is half of $8, or $4. 

$3 < $4 

3. Mac’s: $12 

Zac’s: $16 

Extra for Experts Better Buy 2 
1. Zac’s 


2. Mac’s: 1 sack is half of $12, or $6 
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Zac’s: 1 sack is one-third of $15, or $5. 
$5 < $6 

3. Mac’s: $24 

Zac’s: $20 

Extra for Experts Better Buy 1 


Zac’s 
Strawberries 


Mac’s 
Strawberries 


2 boxes for $6 2 boxes for $8 


1. Which store sells 1 box of strawberries for less? 

2. How did you decide? 

3. How much would it cost to buy 4 boxes of strawberries at: 
Mac’s? 


Zac’s? 


Extra for Experts Better Buy 2 


Zac’s 
Oranges 


re ee es 


Mac’s 
Oranges 


ay 


(Fresh; (Fresh 


(Fresh) (Fresh (Fresh 


3 sacks for $15 


2 sacks for $12 


1. Which store sells 1 sack of oranges for less? 

2. How did you decide? 

3. How much would it cost to buy 4 sacks of oranges at: 
Mac’s? 


Zac’s? 


4.6 Critter Trades 


Critter Trades — Proportional Reasoning 


Students reason proportionally as they trade critters (e.g., 1 scorpion for 4 wasps.) All trades are 1 for 2, 
3, 4or 5. As they trade, students record numbers on the traded items, and then skip count or use repeated 
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addition to solve the problems. 


In the Extras for Experts, the trading is “backwards,” that is, many to one. For example, if you can get 2 
ants for 1 bee, then to get 6 ants, how many bees will you need? 


Solutions 

Critter Trades 1 

1. 6 

2. Write 2 on each spider. 

Then, 2+2+4+2=6. 

Critter Trades 2 

1. 20 

2. Write 5 on each grasshopper 

Then, 5+5+5+5 = 20. 

Critter Trades 3 

1. 15 

2. Write 3 on each fly. 

Then, 3+34+3+4+3+43=15. 

Critter Trades 4 

1. 40 

2. Write 4 on each scorpion. 

Then, 4+4+4+4+4+4+4+4+4+4=40 
Critter Trades: Centipedes and Moths 


Trade % for SS es NS i” 


YY 


For 4 centipedes, how many moths will you get? 


www.ck12.org 146 


Describe : 


My Job: 
Plan : 


Solve: 


Check : 


There are two different critters. 

For 1 centipede I get 3 moths. 

Figure out how many moths I can get for 4 centipedes. 

Write 3 on each of the 4 centipedes. 

Then add the 3s. 

(ART: Show the 4 centipedes in a row with the number 3 written on each) 
For 4 centipedes, I will get 12 moths. 

3+3434+3=12 


Critter Trades 1: Spiders and Bees 


1. For 3 spiders, how many bees will you get? 
2. How did you figure it out? 


Critter Trades 2: Grasshoppers and Butterflies 


Trade 


1. For 4 grasshoppers, how many butterflies will you get? 
2. How did you figure it out? 


147 www.ck12.org 


Critter Trades 3: Flies and Ants 


DY 


aa ie sid ee ee 
Secale tata. 


1. For 5 flies, how many ants will you get? 
2. How did you figure it out? 


Critter Trades 4: Scorpions and Wasps 


i /. f. Y 
Trade for Ri, ry, Pry, MRPr, 


Ae Ne Ne he Ne 
Ae Ne te he he 


1. For 10 scorpions, how many wasps will you get? 
2. How did you figure it out? 


Extras for Experts: Critter Trades — Proportional Reasoning 
Solutions 

Extra for Experts: Critter Trades 1 

1.3 

2. 1 daddy long legs is 2 worms. 

1 daddy long legs is 2 worms. 

1 daddy long legs is 2 worms. 

You need 1+ 1+ 1, or 3 daddy long legs to get 2+ 2+ 2, or 6 worms. 
Extra for Experts: Critter Trades 2 
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1.4 

2. 1 lizard is 5 ants. 

1 lizard is 5 ants. 

1 lizard is 5 ants. 

1 lizard is 5 ants. 

You need 1+1+1-+1, or 4 lizards to get 5+5+5-+5, or 20 ants. 

Extra for Experts Critter Trades 1: Daddy Long Legs and Worms 


a | 
Trade > A , for 
? an r 


1. To get 6 worms, how many daddy long legs will you need to trade? 
2. How did you figure it out? 


Extra for Experts Critter Trades 1: Lizards and Ants 


Trade for Pe a a. ge oe ” 


1. To get 20 ants, how many lizards will you need to trade? 
2. How did you figure it out? 


4.7 Function Machines 


Function Machines — Complete two-step function tables 


For these problems, students follow rules presented in words and with symbols to complete two-column 
function tables. Each of the rules requires two computational steps. Problems 1-12 use addition followed by 
subtraction. Problems 13 -20 mix the sequence of addition then subtraction and subtraction then addition. 


Solutions 
1. 
Table 4.1: 
In Out 
5 8 
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Table 4.1: (continued) 


In Out 


rE DmO WwW 
NOW OD 


Table 4.2: 
In Out 
4 5 
8 9 
5 6 
2 3 
9 10 
3. 
Table 4.3: 
In Out 
1 3 
5 7 
2 4 
7 9 
8 10 
4, 
Table 4.4: 
In Out 
4 8 
6 10 
3 7 
1 3 
5 9 
5. 
Table 4.5: 
In Out 
6 14 
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Table 4.5: (continued) 


In Out 
4 12 

1 9 

2 10 

8 16 


Table 4.6: 


In Out 


a onnn ovo 
“I 


Table 4.7: 


In Out 


He Ot CO bo 
corm OW 


Table 4.8: 


re oW OO bv 
HK 
j=) 


Table 4.9: 


In Out 


4 13 
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Table 4.9: (continued) 


In Out 
7 16 
2 11 
9 18 
5 14 
10. 
Table 4.10: 
In Out 
8 16 
3 11 
9 17 
5 13 
7 15 
11. 
Table 4.11: 
In Out 
2 8 
5 11 
7 13 
1 7 
8 14 
12. 
Table 4.12: 
In Out 
8 15 
2 9 
6 13 
4 11 
1 8 
13. 
Table 4.13: 
In Out 
4 3 
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Table 4.13: (continued) 


In Out 
8 7 
5 4 
2 1 
7 6 
14. 
Table 4.14: 
In Out 
4 2 
2 0 
8 6 
6 4 
3 1 
15. 
Table 4.15: 
In Out 
9 16 
12 19 
5 12 
10 17 
8 15 
16. 
Table 4.16: 
In Out 
7 15 
3 11 
9 17 
2 10 
5 13 
17. 
Table 4.17: 
In Out 
1 6 
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Table 4.17: (continued) 


In Out 
7 12 
4 9 
9 14 
2 7 
18. 
Table 4.18: 
In Out 
2 6 
5 9 
9 13 
3 7 
0 4 
19. 
Table 4.19: 
In Out 
16 12 
10 6 
9 5 
11 7 
14 10 
20. 
Table 4.20: 
In Out 
4 11 
7 14 
11 18 
12 
9 16 
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What are the OUT numbers? 
Follow the rule. Complete the table. 


In Out Think 4 +2=6 
alr 6-1=5 
4 5 
+ 
7 
| 
2 
sh 
0 
s | 
Describe : There are two rules. Add 2. Then subtract 1. 
The table is missing OUT numbers. 
My Job: Follow the add and subtract rules. 
Figure out the OUT numbers. Finish the table. 
Plan : Add 2 to an IN number. Then subtract 1 from the sum. 
Solve: 
Table 4.21: 
In Out 
4 5 
7 6 
2 3 
0 1 
6 7 
Check : 7+2=9,9-1=8 


2+2=4,4-1=3 
04+2=2,2-1=1 
64+2=8,8-2=7 


Follow the rules. 


Complete the tables. 
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157 


158 
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159 


160 
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Extra for Experts: Function Machines — Complete two-step function tables 
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163 


164 
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Solutions 
1. 
Table 4.22: 


Out 


CrHEONAal® 
3 
oe 


Table 4.23: 


Out 


13 
10 
11 


oe NT] my 
3 
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Table 4.23: (continued) 


In Out 
9 15 
3 9 


Table 4.24: 


In Out 


rm CO ot bv 
NIOW CO Ol 


Table 4.25: 


In Out 


PRoOoWwWNA 
—_ 
SS) 


Table 4.26: 


In Out 


re OW COD 
WwW onwmnn ol 


Table 4.27: 


In Out 


D> Cc Ww 
WwW oe 
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Table 4.27: (continued) 


In Out 
5 2 
7 4 


Table 4.28: 
In Out 
2 3 
5 6 
0 1 
6 7 
4 5 
8. 
Table 4.29: 
In Out 
7 10 
3 6 
9 12 
4 7 
1 4 
9. 
Table 4.30: 
In Out 
6 10 
2 6 
10 14 
8 12 
5 9 
10. 
Table 4.31: 
In Out 
0 3 
3 6 
7 10 
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Table 4.31: (continued) 


In Out 
9 12 
4 7 
11. 
Table 4.32: 
In Out 
1 5 
9 13 
6 10 
8 12 
7 11 
12. 
Table 4.33: 
In Out 
10 7 
8 5 
12 9 
6 3 
9 6 


4.8 GEO Patterns 


GEO Patterns — Extend Patterns 


Students identify patterns of circles, triangles and rectangles on three cards, extend the patterns to complete 
the next two cards in the pattern, and answer questions about the 10” card. Shape patterns may differ. 
For example, the number of circles may remain constant while the number of triangles increases by 1 and 
the number of rectangles increases by 2. In lieu of drawing the figures, you may want to have students 
identify the number of shapes of each type on each of the empty cards. 


Solutions 

GEO Pattern 1 

1. Card 5: 1 circle, 1 triangle, 5 rectangles 
Card 6: 1 circle, 1 triangle, 6 rectangles 

2. Card 10: 1 circle, 1 triangle, 10 rectangles 
GEO Pattern 2 

1. Card 5: 1 circle, 6 triangles, 6 rectangles 


Card 6: 1 circle, 7 triangles, 7 rectangles 
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2. Card 10: 1 circle, 11 triangles, 11 rectangles 
GEO Pattern 3 

1. Card 5: 4 circles, 2 triangles, 10 rectangles 
Card 6: 5 circles, 2 triangles, 12 rectangles 

2. Card 10: 9 circles, 2 triangles, 20 rectangles 
GEO Pattern 4 

1. Card 5: 4 circles, 4 triangles, 10 rectangles 
Card 6: 5 circles, 5 triangles, 12 rectangles 


2. Card 10: 9 circles, 9 triangles, 20 rectangles 


adda 


1. Continue the pattern of circles, triangles and rectangles. 
Draw the shapes on Cards 5 and 6. 

Think about it. 

2. On card 10, 
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Describe: There are 6 cards. Cards 1-4 have circles, triangles and rectangles. 
Cards 5 and 6 are empty. 

My Job: Figure out the patterns of circles, triangles and rectangles. 

Draw shapes on cards 5 and 6. Answer questions about Card 10. 

Plan : Count the number of circles on each card. Look for a pattern. Draw 
circles on Cards 5 and 6. 

Count the number of triangles on each card. Look for a pattern. Draw 
triangles on Cards 5 and 6. 

Count the number of rectangles on each card. Look for a pattern. 
Draw rectangles on Cards 5 and 6. 

Extend the patterns. Answer questions about Card 10. 

Solve : ART: Show cards 5 and 6. Card 5 has one red circle next to a stack of 
5 green triangles, next to a stack of 6 blue rectangles. Card 6 has one 
red circle next to a stack of 6 green triangles, next to a stack of 7 blue 
rectangles. 

Card 10 has one red circle, 10 green triangles, and 11 blue rectangles. 

Check : There is always one red circle. 

The number of green triangles is the same as the card number. 


The number of blue rectangles is always one more than the card number. 


GEO Pattern 1 


oad J 


1. Continue the pattern of circles, triangles and squares. 


Draw the shapes on Cards 5 and 6. 
Think about it. 
2. On card 10, 
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5 6 


1. Continue the pattern of circles, triangles and squares.. 
Draw the shapes on Cards 5 and 6. 

Think about it. 

2. On card 10, 


GEO Pattern 3 
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1. Continue the pattern of circles, triangles and squares. 


Draw the shapes in Cards 5 and 6. 
Think about it. 
2. On card 10, 


GEO Pattern 4 


#05 
2 3 


1. Continue the pattern of circles, triangles and squares. 


Draw the shapes on Cards 5 and 6. 
Think about it. 
2. On card 10, 


Extra for Experts: GEO Patterns — Extend Patterns 


GEO Pattern 1 
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ahah 


1. Continue the pattern of circles, triangles and rectangles. 
Draw the shapes in Cards 5 and 6. 

Think about it. 

2. On card 10, 


GEO Pattern 2 


rs 


3 4 . 5 


1. Continue the pattern of circles, triangles and rectangles. 
Draw the shapes on Cards 5 and 6. 

Think about it. 

2. On card 10, 
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Solutions 

GEO Pattern 1 

1. Card 5: 7 circles, 6 triangles, 5 rectangles 
Card 6: 8 circles, 7 triangles, 6 rectangles, 

2. Card 10: 12 circles, 11 triangles, 10 rectangles 
GEO Pattern 2 

1. Card 5: 1 circle, 5 triangles, 16 rectangles 
Card 6: 1 circle, 6 triangles, 18 rectangles 

2. Card 10: 1 circle, 10 triangles, 26 rectangles 
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Chapter 5 


CK-12 Algebra Explorations, 
Grade 3 


5.1 Introduction 


This algebra module has been designed to introduce grade 3 students to ten key concepts of algebra and 
to enhance their problem solving skills. Each section begins with a brief description of the problem set 
and the concepts and skills developed. This is followed by the solutions to problems in the problem set. 
The first problem in each set is the “teaching problem.” It is completed following the five-step problem 
solving model and is designed to be used by teachers as the centerpiece of the instructional program. The 
teaching problem, to be completed by students with the teacher’s guidance, is followed by problems to be 
completed by the students working on their own. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 
Equality /Inequality: 


In this module, students explore equal and unequal relationships by interpreting and reasoning about 
pictures of pan balances containing various objects. Their job is to determine which object is heavier, 
lighter, or which of three objects is the heaviest or lightest. This is preparation for the study of variables 
as unknowns in equations and as varying quantities in functions. 


Variables as unknowns: 


Variables may be letters, geometric shapes, or objects that stand for a number of things. When used to 
represent an unknown, the variable has only one value. For example, in the equation, t+5 = 7, the variable 
t is an unknown and it stands for the number 2. When f is replaced with 2 in the equation, the expression 
to the left of the equal symbol names the same number as the expression to the right of the equal symbol; 
2+ 5 is another name for 7. In this module, students solve for the weights of blocks on scales, and for 
unknowns in two-by-two grids representing systems of equations. 


Variables as varying quantities: 
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In some equations, variables can take on more than one value. For example, in the equation g = 2 +7, if 
the value of qg is 5, then the value of r is 3. Or, if the value of r is 9, the value of g is 11. So, in this case g 
can be any number. However, once you choose a value for g, then the value for r is fixed. Likewise, once 
you choose a value for r, then the value of g is fixed. Variables as varying quantities appear in functions 
and formulas. In this module, students complete tables of values for one-step functions (e.g., y = 2z) and 
determine the rule by identifying the relationship between inputs and outputs. 


Proportional Reasoning: 


A major method for solving algebraic problems is by reasoning proportionally. Proportional reasoning is 
sometimes called “multiplicative reasoning,” because it requires application of multiplication or its inverse, 
division. In this module, students reason proportionally when they determine better buys (e.g., unit cost 
or price for one), or interpret pictographs ( e.g., picture of one book stands for 10 books in the graph) to 
solve comparison problems. 


Interpret Representations: 


Mathematical relationships can be displayed in a variety of ways including with text, tables, graphs, 
diagrams and with symbols. Having students interpret these types of displays and use the data in the 
displays to solve problems is critical to success with the study of algebra. In this module, students interpret 
pan balances, circle and arrow grid diagrams, tables of values, weight scales and weigh equations, better-buy 
signs, and pictographs. 


Write Equations: 


Although an equation is a symbolic representation of a mathematical relationship, the writing of an equation 
is a key algebraic skill and one that requires separate attention and instruction. In this module, students 
learn to write “block equations” for weights of blocks picture on scales. Students explore ways to record 
multiple copies of the same blocks as both the sum of separate units and as a product. For examples, (Art: 
square) + (Art: square) + (Art: square) can be represented as 3 (Art: square). They also write rules to 
represent tables of data related functionally. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction with the first problem in each problem 
set and that you encourage your students to follow the steps when solving the problems and when relating 
their solution processes to others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant.” 
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5.2 Jars and Jars 


Jars and Jars - Interpret relationships to compare weights 


In each problem, two pan balances are shown with jars of different types. All jars of the same type have the 
same weight. Students have to figure out the relative weights of objects from the relationships displayed in 
the pan balances. To begin, be sure that students recognize differences in the types of jars. Draw students’ 
attention to the position of the pans. If the two pans are not at the same level, then one pan-the lower 
one is heavier. If the pans are level, then they hold equal weight. One of the difficulties students often 
experience is recognizing that if one block (call it A) has the same weight as, for example, two others, 
(B+ B), then the one block (A) is heavier. Point out to students that /b stands for pounds, and that all 
jars with the same letter are the same number of pounds. 


Solutions 


. mis more than 5 pounds. 
. tis more than 6 pounds. 
. j is more than 3 pounds 
. zis less than 4 pounds 

. vis more than 3 pounds 
. tis less than 8 pounds 


oOorwnmr 


Same jars weigh the same. 


What could be the weight of jar x? E = ? pounds 
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Describe I see two pan balances. I see two jars x and z. 
Pan Balance A: The pans are not balanced. 


Pan Balance B: The pans are balanced. One pan has a 12 pound jar. 


My Job Figure out a weight for x. Are other weights possible? 

Plan Pan Balance A: The pan with z is lower so, z is heavier than x. 
Pan Balance B: 3 z weigh 12 pounds. Start with the fact. 

Solve Pan Balance B: z+z+z= 12 pounds, so z = 4 pounds. 


Pan Balance A: x has to weigh less than 4 pounds. 
x could be 1,2 or 3 pounds. 
Pan Balance A: The picture shows that z is heavier than x. 
Check Pan Balance B: 4+4+4 = 12 pounds. 
z= 4 pounds. 


1,2, and 8 are all less than 4. So x can be 1,2, or 3 pounds. 


What could be the weight? Tell how you figured it out. 


Same jars weigh the same. 


= ? pounds 


m 
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5.3 Jars and Jars Extras 


Extras for Experts - Jars and Jars — Interpret relationships to compare weights 
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5.4 Circles and Arrows 


Circles and Arrows - Solve for Unknowns 


Circles and Arrows show grids in which circles contain numbers and letters that represent unknown quan- 
tities. Arrows point to sums of rows and columns. For example, in the top row, 3+A+ B= 11. In the 
first column, 3+A+7 = 12. Students use the grid relationships to figure out the values of the letters. Al- 
though only one approach is shown, there are often several ways to begin to solve each problem. Encourage 
students to consider alternative approaches for each problem. 


Solutions 
1.C=3;D=5 
2. F=6;G=8 
3. H=7;J=9 
4. K=8;L=5 
5. M=9;N=7 
6. P=8;Q=6 


The arrows point to the sum of each row or column. Figure out the value of each letter. 


11 


12 9 14 
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Describe I see rows and columns with numbers and letters. 
The arrows point to sums. 
My Job Figure out the value of each letter. 
Plan In the second row, all letters are the same. 
Pll start with that row. 
Then I'll do the bottom row and find the value of B. 
Solve Middle Row: A+A+A=6,s0A = 2. 
Bottom Row: 7+5 = 12. 18-12 =6,so B= 6. 
Check Top Row: 3+ 2+6 = 11; Middle Row: 2+ 2+ 2 = 6; Bottom Row: 7+5+6=18 
Left Column: 3 + 2+ 7 = 12; Middle Column: 2 + 2+ 5 = 9; Right Column: 6+ 2+6= 14 


"ou 
yn 
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eat 
NN 


z= 
nou 
ee) 


18 27 22 


5.5 Circles and Arrows Extras 


Extras for Experts - Circles and Arrows — Solve for Unknowns 


The arrows point to the sum of each row or column. Figure out the value of each letter. 
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5.6 Follow the Rule 


Follow The Rule - Complete one-step function tables 


In these problems, students follow rules presented in words and with symbols to complete two-column 
function tables. Each of the rules requires one computational step. For some rows in the tables, students 
have to apply inverse operations to figure out the value of the variable. Problems 1-6 use addition or 
subtraction. Problems 7-12 use multiplication or division. 


Solutions 
1. 
Table 5.1: 
7 yv=r-2 
7 5 
3 1 
9 7 
10 8 
15 13 
36 34 
20 18 
29 27 
54 52 
2. 
Table 5.2: 
q w=q-+ 20 
5 25 
8 28 
6 26 
4 24 
19 39 
53 73 
20 40 
48 68 
69 89 
3. 
Table 5.3: 
b a=b- 100 
538 438 
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Table 5.3: (continued) 


b a=b-— 100 
810 710 
662 562 
626 526 
149 49 
479 379 
905 805 
700 600 
568 468 
4, 
Table 5.4: 
we ———C See 
TAL 541 
800 600 
306 106 
449 249 
530 330 
361 161 
427 227 
936 736 
958 758 
5. 
Table 5.5: 
a q=3xXa 
2 6 
5 15 
9 27 
4 12 
3 9 
10 30 
1 3 
8 24 
7 21 
6. 
Table 5.6: 
d r=d+2 
4 
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Table 5.6: (continued) 


d r=d+2 
12 6 
10 5 
4 2. 
18 9 
2 1 
20 10 
16 8 
14 v 
7. 

Table 5.7: 
Zz m=5XzZ 
3 15 
7 35 
8 40 
2 10 
9 45 
4 20 
1 5 
5 25 
6 30 

8. 

Table 5.8: 
y b=10xy 
5 50 
2 20 
7 70 
3 30 
8 80 
9 90 
1 10 
4 40 
6 60 


s stands for a number. 
Follow the rule. 
Complete the table. 
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) 


Think 2 +6 =8 
PO " —_ 


ae 


Or Pe 08 IN = 


Describe I see a table with two columns. 
The letter s stands for a number. 
The rule tells me to add 6 to s to get f. 

My Job Figure out the missing numbers to fill in the table. 

Plan [ll start by figuring out t. That’s rows 1.,2., and 5. in the table. 
For rows 3. and 4.,I will subtract 6 from f¢ to get s. 


Check 


V\VNSNAN 


Complete the tables. 
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s 
I 
2 
-l 


| 538 
| 810 
| 662 
a 
Cnn 
479 
| 905 
700 
741 
800 


ie] 
vt 


n 
N 
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5.7 Follow the Rule Extras 


Extra for Experts - Follow the Rule — Complete one-step function tables 


Complete the tables. 
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Solutions 
1. 


Table 5.9: 
a b=a+30 
8 38 
2 32 
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Table 5.9: (continued) 


a b=a+30 
10 40 
6 36 
20 50 
45 15 
60 90 
57 87 
29 59 
2: 
Table 5.10: 
m n=m=+5 
30 6 
15 3 
10 2 
5 1 
45 9 
25 5 
40 8 


Ww ol 
oe 
Noe 

j=) 


3: 

Table 5.11: 

i g=f-5 

38 33 

10 5 

62 57 

26 21 

49 44 

79 74 

100 95 

150 145 

195 190 
Table 5.12: 

h i=h+50 

36 86 

49 99 

61 111 
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Table 5.12: (continued) 


h i=h+50 
108 158 
43, 93 
20 70 
50 100 
26 76 
12 62 
5. 

Table 5.13: 
J] k=2xj 
3 6 
8 16 
2 4 
5 10 
1 2 
6 12 
4 8 
7 14 
9 18 

6. 

Table 5.14: 
d r=d+2 
8 4 
12 6 
10 5 
4 2 
18 9 
2 1 
20 10 
16 8 
14 7 


Table 5.15: 
7) r=p+2 
12 6 
10 5 
18 9 
197 
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Table 5.15: (continued) 


7) r=p+2 
20 10 

14 7 

8 4 

2 1 

4 2 

8. 
Table 5.16: 

q s=6xXq 
4 24 

2 12 

5 30 

3 18 

10 60 

7 42 

1 6 

8 48 


5.8 What’s My Rule 


What’s My Rule? - Write Rules For One-Step Function Tables 


Students identify relationships between the input and output in two-column tables, and write rules that 
describe the relationship. Rules may be written in words or symbols or both ways. All functions involve 
one computational step, addition, subtraction, multiplication, or division. 


Solutions 
1. 
Table 5.17: 
u y 
7 9 
4 6 
1 3 
0 2 
1. y 4 
2: 9 11 
3. 3 5 
4, 8 10 
5 Rule: v=u+2 
2. 
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Table 5.18: 


w y 

10 6 

15 11 

13 9 

5 1 
1. 8 4 
2. 14 10 
3. 7 3 
4, 16 12 
5 Rule: y=w-4 

Table 5.19: 

z a 

7 37 

10 40 

18 48 

45 75 
1. 31 61 
2; 14 44 
3. 8 38 
4, 29 59 
5 Rule: a = z+ 30 

Table 5.20: 

b Cc 

48 28 

50 30 

28 8 

42 22 
1. 67 47 
2. 59 39 
3. 75 55 
4. 34 14 
5 


Rule: c = b— 20 
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Table 5.21: 


d e 
3 12 
8 32 
2 8 
5 20 
1s 1 4 
2. 7 28 
3. 6 24 
4. 9 54 
5 Rule: e=4xd 
6. 
Table 5.22: 
f S 
10 2 
40 8 
25 5 
5 1 
1. 15 3 
2. 35 7 
3. 20 4 
4. 45 9 
5 Rule: g = f+5 
7. 
Table 5.23: 
h j 
2 18 
5 45 
7 63 
1 9 
1. 4 36 
2. 3 27 
3. 6 54 
4. 9 81 
5 Rule: j=9xh 
8. 
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Table 5.24: 


oR WN 


ie) 
“I 
BOW ON AN! S 


KH 
j=) 


30 
Rule: m=k=+3 


p and t stand for numbers. 


Write the rule. Complete the table. 


ak wn > 


Describe 


My Job 


Plan 


Solve 


Check 


I see a table with two columns. 

p and t stand for numbers. 

Figure out the rule. 

What do I have to do to p to get t? 

Then complete rows 1,2,3 and 4. 

I can add, subtract, mulitply or divide. I have to use the same operation on 
all p numbers to get the t numbers. 

All t numbers are 3 times p numbers. 


The rule is multiply p by 3 to get t. I can write t= 3x p 
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EASSSSSSS 


Write the rule. Complete the table. 


Rule: vy = 


5. 


Rule: y 


5. 
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5. Rule:a= 
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Rule: g = 


5: 


Rule: j 


5. 


Rule: m 


5. 
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5.9 What’s My Rule Extras 


Extra for Experts - What’s My Rule — Rules for One-Step Function Tables 
Write the rule. Complete the tables. 
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Solutions 


1. 


Table 5.25: 


orm ON 
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NWP ODW CO OY] S 


Rule: v=u+9 
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Table 5.26: 


W y 

45 15 

68 38 

36 6 

50 20 
1. 61 31 
2. 34 4 
3. 72 42 
4. 56 26 
5. Rule: y = w- 30 


3. 
Table 5.27: 
z a 
3 15 
8 40 
5 25 
6 30 
1. 1 5 
2. 7 35 
3. 4 20 
4, 2 10 
5. Rule: a=5xXz 
4. 
Table 5.28: 
b Cc 
12 3 
24 6 
20 5 
36 9 
1. 16 4 
2. 8 2 
3. 28 7 
4, 1 
5. c=b+4 


5.10 Weight Problems 


Weighty Problems - Solve for Values Unknowns 


Each problem shows two scales, their contents, and their weights. Students use the data provided in the 
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display as clues to determine the weight of each block. The two scales represent a set of two equations 
with two unknowns. 


Solutions 

As ry = 7 pounds; ) = 1 pound 
2. @B =5 pounds; WS = 9 pounds 
3. @B =6 pounds; | a = 2 pounds 
4. ud = 3 pounds; = 4 pounds 


5; | = 10 pounds; | = 3 pounds 


6. @B =7 pounds; 2” =8 pounds 


@@ = 2 pounds 


_?_ pounds 


Scale Scale B 
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Describe | see blocks on scales. 
ScaleAhas @§ and | . They weigh 12 pounds. 
Scale B has @§ and @ . They weigh 16 pounds. 
My Job Figure out the weights of the blocks. 


Plan Scale A: The blocks are different. 
Scale B: The blocks are the same. 


I'll start with Scale B. 


Solve Scale B: Two @§ are 16 pounds. So one © is 8 pounds. 


Scale A: The @§ is 8 pounds. So i has to be 4 pounds because 8 + 4 = 12. 


Check Replace each block with its weight. 


Scale A:8+4=12 Scale B: 8 + 8 = 16. 


Try these. Tell how you figured out the weights. 


Fi - _?_ pounds 
p = ? pounds 


sa 


Scale D 


@ =? pounds 


- _?_ pounds 


orl 


Scale E 


Scale F 
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@B = 8 pounds 


a = 4 pounds 
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Scale G 


Scale L 
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Scale H 


Scale K 


Scale Q 


Scale M 


@ =? pounds 


S&S = ? pounds 


fw - _?_ pounds 
i = ? pounds 


@@ = ? pounds 


, 4 = _? pounds 


i = _? pounds 


- = _? pounds 
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5.11 Weight Problems Extras 


Extras for Experts - Weighty Problems — Solve for Values of Unknowns 
Figure out the weights of the blocks. 


_?_ pounds 


@@ = ? pounds 


Scale C 


HP - -2_pounds 


@® = ? pounds 


Scale Scale H 
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Scale L 


Solutions 
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Scale M 


S&S = ? pounds 


i = ? pounds 


= ? pounds 


@® =? pounds 


i = _? pounds 


, _?_ pounds 


212 


| =7 pounds; © =3 pounds 


1. 

2. (AD = 4 pounds; F = 6 pounds 
3. F =4pounds; ©) =6 pounds 
4. F = 5 pounds; | = 3 pounds 
5 reall =6 pounds; © =2 pounds 
6. | = 6 pounds; F = 10 pounds 


5.12 Write Equations 


Write Equations - Write and Solve Equations with Blocks as Unknowns 


Students are presented with two scales, their contents, and their weights, and explore ways to represent 
relationships shown in the scales by writing block equations. They gain experience matching equations to 
scale pictures, and then solving sets or systems of equations without the pictures. It is in this section that 
students are introduced to the idea that sets of the same type of block can be represented as either the 
sum of that number of blocks (e.g., 2 +n +n) or as a product (e.g., 3 7). 


Solutions 


1. 
[bbe 


B-: pounds; @§§ = 1 pound 
2. 
Bem = Ps PS = 18: 
JJ = 3 pounds; © = 9 pounds 
2 Iw 


fy - 4 pounds; @= 10 pounds 
“ OP +@B=9; B+ OS B+ O-=s. 
0 =7 pounds; @B = 2 pounds 
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Oe ee Je: 
BB = 6 pounds @B = 10 pounds 
* IE: | ee ee ek 
2 = 5 pounds; i = 6 pounds 
'O-SO-3@ 


'L. L--§ 

ao ? ot 7 ae 
*32.- @.@.@ 
“si--H--i- 
ay wy ey wy Ve 


13. ¢ 
14. b 
15. ¢ 
16. a 


17. 

"= 5 pounds; E- 3 pounds 
18. 
fe 8 pounds; @B = 4 pounds 


19. 
| = 5 pounds; ig = 9 pounds 


20. 
+ 8 pounds; @§ = 7 pounds 
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=_? pounds 


B) - 2 pounds 


a =~ 
Scale A Scale B 


Describe | see blocks on scales. 
Scale A has Pe | and vd . They weigh 8 pounds. 


Scale B has Pa | and | . They weigh 10 pounds. 


My Job Figure out the weights of the blocks. 


Plan I’ll start with A. The blocks are the same. 
I'll write equations. 


Scale A: wry +yf =8 
Scale B: |e | = 10 
Solve Scale A: vS + rs = 8 pounds. So wy = 4 pounds. 


Scale B: a: 4= 10. So iq = 6 pounds because 6 + 4 = 10. 


Check Replace each block with its weight. 
ScaleA: 4+4=8 


Scale B: 4 +6 = 10. 
Try these. Write equations. Figure out the weights of the blocks. 
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Scale E 


Scale J 
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| = ? pounds 


SB - _?_ pounds 


| = ? pounds 


- = ? pounds 


Scale F 


|. _?_ pounds 


@ - _?_ pounds 


(> = 2 pounds 


@® =? pounds 


Scale K 


216 


| = ? pounds 


@® =? pounds 


_?_ pounds 


_?_ pounds 


Scale Q 


| can write - = 
as EH orasa HE 


Fill in the numbers. 


a: e&: @-_@ 


i-i-_ 


PF F-_p 


@-_-_ + 
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+ + + 


m- 
A ee 


Circle the equation that matches the scale. 
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© 


a 


Qo 
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Eric wrote these equations from pictures of scales. 


Use Eric’s equations. Find the weight of each block. 


2 I- 6 pounds 
B&- i = 8 pounds 
= = pounds 


i = pounds 
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3 @B = 12 pounds 


2+ i - 16 pounds 


| = pounds 


@B=___ pounds 


3 | = 27 pounds 
2B | = 19 pounds 


i = pounds 


pounds 


4 @@ = 28 pounds 


2a )- 22 pounds 
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5.13 Write Equations Extras 


Extras for Experts - Write Equations — Write and Solve Equations with Blocks as Unknowns 


Write the block equation for each scale. Figure out the weights of the blocks. 


&- _?_ pounds 
ZA = _? pounds 


S&S =_? pounds 


@® = _? pounds 


> 


Scale A 


_?_ pounds 


a: _? pounds 


Solutions 
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1. [A + (AD + 7 = 19: F - F = 18 
(AD) = 5 pounds;  =9 pounds 


2 6-8:8-7+ F-2, B+ S=20 
F =10 pounds; © =3 pounds 


0-0-0 0+ O-= eo -2 
[] 8 pounce: (Ai) = 4 pounds 


5.14 Better Buy: Unit Price 


Better Buy: Unit Price - Proportional Reasoning 


In Better Buy: Unit Price, two signs showing prices for multiple items of the same type at two stores 
are displayed. Students reason proportionally to first determine the price for one toy (unit price) at each 
store. Then they compare prices to identify the better buy, that is the item of lesser price. To determine 
unit price, students divide. All division computations in this section involve basic facts. 


Solutions 
1. Jim’s Sports; $20 + 4 or $5 for one paddle and ball ($18 +3, or $6 at A-One Athlete). 
2. A-One Athlete; $10 +5, or $2 for one Frisbee ($6 + 2, or $3 at Jim’s Sports). 
3. Jim’s Sports; $36 +6, or $6 for one badminton racquet ($28 +4, or $7 at A-One Athlete). 
4. A-One Athlete; $30 + 10, or $3 for one golf ball ($24 +6, or $4 at Jim’s Sports). 
5. A-One Athlete; $18 + 9, or $2 for one birdie ($12 + 4, or $3 at Jim’s Sports). 
6. Jim’s Sports; $15 + 3, or $5 for one can of tennis balls ($30 +5 or $6 at A-One Athlete). 


Jim’s Sports A-One Athlete 
Yo-Yos Yo-Yos 


3 for $12 5 for $15 


Which store has the better buy for one yo-yo? 
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Describe I see signs for yo-yos at two stores. 
Terry’s Toys: 3 yo-yos for $12 
Geena’s Gifts : 5 yo-yos for $15 

My Job Decide which store has the better buy for one yo-yo. 
Better buy means it costs less. 

Plan I'll figure out the price for one yo-yo at each store. 
Then I will compare the prices. 

Solve Terry’s Toys: $12 +3 = $4 for one yo-yo 
Geena’s Gifts: $15 +5 = $3 for one yo-yo 
Geena’s Gifts has the better buy 


Check $3 < $4 so one yo-yo costs less at Geena’s. 


Jim’s Sports A-One Athlete 
Paddle and Ball Paddle and Ball 


ppp 


4 for $20 3 for $18 


Which store has the better buy for one paddle and ball? 
How much is the paddle and ball at that store? 


Jim’s Sports A-One Athlete 
Frisbees Frisbees 


OO GPOOOO 


2 for $6 5 for $10 


Which store has the better buy for one Frisbee? 


How much is one Frisbee at that store? 


Jim’s Sports A-One Athlete 
Badminton Racquet Badminton Racquet 


tk EE LF LE Yk 
6 for $36 4 for $28 


Which store has the better buy for one racquet? 


www.ck12.org 224 


How much is one racquet at that store? 


Jim’s Sports A-One Athlete 
Golf Balls Golf Balls 


meee 


_—_——_— Se Se 


6 for $24 10 for $30 


Which store has the better buy for one golf ball? 


How much is one golf ball at the store? 


Jim’s Sports A-One Athlete 
Birdies Birdies 


Le Ye? te Me 
3 ees irs oSies + 


4 for $12 9 for $18 


Which store has the better buy for one birdie? 


How much is one birdie at the store? 


Jim’s Sports A-One Athlete 
Cans of Tennis Balls Cans of Tennis Balls 


\@QO@ \G.8880.8 


3 for $15 5 for $30 


Which store has the better buy for one can of tennis balls? 


How much is one can at that store? 


5.15 Better Buy: Unit Price Extras 


Extra for Experts - Better Buy: Unit Price 


Nature’s Notes Sun’s Stationery 
Boxes of pencils Boxes of pencils 


2 for $10 5 for $15 
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Which store has the better buy for one box of pencils? 
How did you decide? 


Nature’s Notes Sun’s Stationery 
Notebooks Notebooks 


6 for $30 4 for $24 


Which store has the better buy for one notebook? 
How did you figure it out? 


Nature’s Notes Sun’s Stationery 
Boxes of Paperclips Boxes of Paperclips 


BGR 


5 for $20 


Which store has the better buy for one box of paperclips? 
How did you figure it out? 


Harry’s Hardware HomeMart 
Boxes of Nails Boxes of Nails 


LAD eg SOB 


7 for $49 3 for $27 


Which store has the better buy for one box of nails? 


How did you figure it out? 


HomeMart 
Stools 


Harry’s Hardware 
Stools 


BB 


2 for $16 


BBR 


3 for $21 


Which store has the better buy for one stool? 
How did you figure it out? 
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Harry’s Hardware HomeMart 


Hoses 


4 for $40 8 for $64 


Which store has the better buy for one hose? 


How did you figure it out? 


Solutions 


Better Buy 


ale 


2. 


Sun’s Stationery; $15 + 5 = $3 for one box of pencils at Sun’s Stationery, and $10 + 2 = $5 for one 
box of pencils at Nature’s Notes. 

Nature’s Notes; $30 + 6 = $5 for one notebook at Nature’s Notes, and $24 + 4 = $6 for one notebook 
at Sun’s Stationery. 


. Nature’s Notes; $24 + 8 = $3 for one box of paperclips at Nature’s Notes, and $20 + 5 = $4 for one 


box of paper clips at Sun’s Stationery. 


. Harry’s Hardware; $49 + 7 = $7 for one box of nails at Harry’s Hardware, and $27 + 3 = $9 for one 


box of nails at HomeMart. 


. HomeMart; $21 + 3 = $7 for one stool at HomeMart, and $16 + 2 = $8 for one step stool at Harry’s 
Hardware. 

. HomeMart; $64 +8 = $8 for one hose at HomeMart, and $40 + 4 = $10 for one hose at Harry’s 
Hardware. 


5.16 Better Buy: Buying More than One 


Better Buy: Buying More than One - Reason Proportionally 


As in the previous section, in Better Buys: Price for More than One, students first compute the 
unit price of an item at two different stores. (Note that students may use other methods.) Then they 
use that data to compute and compare costs of multiple items from the stores, and determine the savings. 
An important concept is that to determine the better buy, either the number of items must be the same 
so that the prices can be compared or the prices must be the same so that the number of items can be 
compared. This latter concept should be highlighted throughout the grades. 


1. $2 less at Morsel’s Market 


$6 for 2 gallons of milk at Morsel’s Market (Unit price is $3/gallon) 

$8 for 2 gallons of milk at Flynn’s Foods (Unit price is $4/gallon) 

2. $3 less at Flynn’s Foods 

$15 for 3 bottles of orange juice at Flynn’s Foods (Unit price is $5/bottle) 
$18 for 3 bottles of orange juice at Morsel’s Market (Unit price is $6/bottle) 
3. $8 less at Flynn’s Foods 


$8 for 4 ice cream bars at Flynn’s Foods (Unit price is $2/ice cream bar) 
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$16 for 4 ice cream bars at Morsel’s Market (Unit price is $4/ice cream bar) 
4. $5 less at Flynn’s Foods 

$10 for 5 boxes of crackers at Flynn’s Foods (Unit price is $2/box) 

$15 for 5 boxes of crackers at Morsel’s Market (Unit price is $3/box) 

5. $8 less at Morsel’s Market 

$24 for 4 bags of oranges at Morsel’s Market (Unit price is $6/bag) 

$32 for 4 bags of oranges at Flynn’s Foods (Unit price is $8/bag) 

6. $7 less at Morsel’s Market 

$42 for 7 watermelons at Morsel’s Market (Unit price is $6/watermelon) 


$49 for 7 watermelons at Flynn’s Food (Unit price is $7/watermelon) 


Borson’s Foods Saferoad Market 


Boxes of Cereal 


Boxes of Cereal 


4 for $12 


5 for $20 


Which store has the better buy? 


How much less are 2 boxes of cereal at that store? 


Describe 


My Job 


Plan 


Solve 


Check 
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I see signs for boxes of cereal at two stores. 

Borson’s Foods : 4 boxes for $12 

Saferoad Market : 5 boxes for $20 

Figure out which store has the better price for two boxes of cereal. 

Then compare prices to find out how much less. 

T’ll figure out the price of one box at each store. Then I can find the price for two 
boxes and compare the total prices. 

Borson’s Foods: 4 boxes for $12 is 12 + 4, or $3 for one box and $6 for 2 boxes. 
Saferoad Market : 5 boxes for $20 is 20+ 5, or $4 for one box and $8 for 2 boxes. 
$8 — $6 = $2. I will save $2 by buying cereal at Borson’s Foods. 

Borson’s Foods: $12 +4 = $3 and 2 x $3 = $6 

Saferoad Market : $20 +5 = $4 and 2 x $4 = $8 

$8 — $6 = $2 


228 


Flynn’s Foods Morsel’s Market 
Gallon of milk Gallon of milk 


3 for $12 5 for $15 


Which store has the better buy? 


How much less are 2 gallons of milk at that store? 


Flynn’s Foods Morsel’s Market 


Bottles of Bottles of 
Orange Juice Orange Juice 


4 for $20 6 for $36 


Which store has the better buy? 


How much less are 3 bottles of orange juice at that store? 


Flynn’s Foods Morsel’s Market 
Ice Cream Bars Ice Cream Bars 


Badge DEHHEEEE 


6 for $12 8 for $32 


Which store has the better buy? 


How much less are 4 ice cream bars at that store? 


Flynn’s Foods Morsel’s Market 
Boxes of Crackers Boxes of Crackers 


10 for $20 6 for $18 


Which store has the better buy? 


How much less are 5 boxes of crackers at that store? 
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Flynn’s Foods Morsel’s Market 
Bags of Oranges Bags of Oranges 


fe a a ta ts) a ae 
Bay Bay Bay Bey Bay ay ay 


5 for $40 2 for $12 


Which store has the better buy? 


How much less are 4 bags of oranges at that store? 


Flynn’s Foods Morsel’s Market 
Watermelon Watermelon 


6 for $42 8 for $64 


Which store has the better buy? 


How much less are 7 watermelons at that store? 


5.17 Better Buy: Buying More than One Extras 


Extra for Experts - Better Buy: Buying More Than One 


Dan’s Dishes KitchenPlace 
Mugs 


PEEP 


4 for $28 6 for $36 


Which store has the better buy for one mug? 


How much less are 2 mugs at that store? 


Dan’s Dishes KitchenPlace 
Soup Bowls Soup Bowls 


5 for $45 5 for $50 
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Which store has the better buy for one soup bowl? 


How much less are 3 soup bowls at that store? 


Dan’s Dishes KitchenPlace 


Water Bottles with Water Bottles with 


Straws Straws 


EEEEEEE EEECEEEEE 


7 for $42 9 for $72 


Which store has the better buy for one water bottle? 


How much less are 5 water bottles? 


Solutions 


Better Buy: Buying More Than One 


1 


2. 


. Kitchen Place; $36 +6 = $6 for one mug at KitchenPlace, and $28 + 4— $7 for one mug at 


Dane’s Dishes. The difference in price of one mug is $1 so 2 mugs would be $2 less. 
Dane’s Dishes; $45 + 5 = $9 for one soup bowl at Dan’s Dishes, and $50 +5 = $10 for one 
soup bowl at KitchenPlace. The difference in price of one soup bowl is $1, so 2 bowls 
would be $2 less. 


. Dane’s Dishes; $42 + 7 = $6 for one water bottle at Dane’s Dishes, and $72 +9 = $8 for 


one water bottle at KitchenPlace. The difference in price of one water bottle is $2, so 
5 water bottles would be $10 less. 


5.18 Pictographs 


Pictographs - Interpret Pictographs 


Teacher Notes for Pictographs 


Students learn to interpret mathematical relationships shown in pictographs and solve problems using the 
pictograph data. For each problem, the key showing the one-to-many relationship is provided and students 
compute actual numbers of objects from the symbols. 


Solutions 
1. 
2. 24; There are 4 fewer symbols after Sam’s name than after Wendy’s name, so Sam has 4 x 6, or 24 
fewer pencils than Wendy. 
3. 36; There are 4 more symbols after Ralph’s name than after Vince’s name, so Ralph has 4 x 9, or 36 
more markers than Vince. 
4. 40; There are 5 fewer symbols after Karen’s name than after James’ name, so Karen has 5 x 8, or 40 


fewer pens than James. 
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NOTEBOOKS 
Greg 
Se ee KEY 
Eliza Stand for 3 
~ notebooks 
Betty 
LESESESELSES 
Fred 


Number of Notebooks 


Ne SoaceH 


How many more notebooks does Fred have than Eliza? 


<ART: Draw a notebook for each of the symbols shown> 


Describe: | see a graph. There are 4 students. 
There are pictures of notebooks after each student’s name. 


f 
The key shows that each stands for 3 notebooks. 


My Job: Figure out the difference in the number of notebooks for 
Fred and Eliza. 


Plan: Use the key. Figure out the number of notebooks for Fred and Eliza. 
Then subtract to find the difference. 


h IA 


4 x 3 = 12. Fred has 12 more notebooks than Eliza. 


Check: Fred: =3+3+3+3+3 +3, or 18 notebooks 


LES 
Eliza: = 3+ 3, or 6 notebooks 


18-6=12 
Try these. Tell how you figured out the differences. 
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PENCILS 


Lia = 
Terri / a Fd A / / Stand for 6 
J / f y pencils 


Number of Pencils 


NeSoaceHM 


How many fewer pencils does Sam have than Wendy? 


MARKERS 


Sara f/f ie sapah for 9 
a Ath markers 
Vince ra wt 


Number of Markers 


NOeSoaceDH 


How many more markers does Ralph have than Vince? 


PENS 


NN 
SX 
a 
‘ 
\ 


0 SKLLLL. 


Number of Pens 
How many fewer pens does Karen have than James? 


5.19 Pictographs Extras 


Extras for Experts - Pictographs — Interpret Pictographs 
Try these. Tell how you figured out the differences. 
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BOARD GAMES 


KEY 
Stand for 3 


board games 


Ne Soaceym 


Number of Board Games 
How many more board games does Kyle have than Jan? 


PUZZLES 


Nat 


CW» KEY 
Ola | OS DKONDDDs| L Stand for 5 


puzzles 


Pam 
Number of Puzzles 
How many more puzzles does Olya have than Nat? 


NeSoaceDHM 


BLOCKS 


HeBSoaceWDW 


Number of Blocks 
How many fewer blocks does Vinny have than Toni? 
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TOY CARS 


Alan GG 
Bea G6 GG GG GG GGT += GGT Stand for 4 
Carl | €Gl® GGB® <Gt <i 
Dawn | €680 G66 @GBé 


Number of Toy Cars 
How many more toy cars does Bea have than Dawn? 


Ss 
t 
u 
d 
e 
n 
t 
Ss 


GOLF BALLS 
S Paul 
: @ @ - ay 
us Ray w @ | oo @ \ Stand for 2 
d golf balls 
@ Sue om or] 
n 
: Tara | 3 @ @ 7) 


Number of Golf Balls 
How many fewer golf balls does Sue have than Tara? 


MARBLES 


‘ |@O0OO0 = 
Gus © > 0 lh for 20 
vp |OOOOO — 
0 |OOO 


Number of Marbles 
How many more marbles does Hap have than Gus? 


HDeSoaceDH 


Solutions 


1. 9; There are 3 more symbols after Kyle’s name than after Jan’s name. Each symbol stands for 3 
board games, so Kyle has 3 x 3, or 9 more board games than Jan. 

2. 20; There are 4 more symbols after Olya’s name than after Nat’s name. Each symbol stands for 5 
puzzles, so Olya has 4 x 5, or 20 more puzzles than Nat. 

3. 40; There are 4 fewer symbols after Vinny’s name than after Toni’s name. Each symbol stands for 
10 blocks, so Vinny has 4 x 10, or 40 fewer blocks than Toni. 
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4. 8; There are 2 more symbols after Bea’s name than after Dawn’s name. Each symbol stands for 4 
toy cars, so Bea has 2 x 4, or 8 more toy cars than Dawn. 

5. 6; There are 3 fewer symbols after Sue’s name than after Tara’s name. Each symbol stands for 2 golf 
balls, so Sue has 3 x 2, or 6 fewer golf balls than Tara. 

6. 60; There are 3 more symbols after Hap’s name than after Gus’s name. Each symbol stands for 20 
marbles, so Hap has 3 x 20, or 60 more marbles than Gus. 


5.20 Pictograph Keys 


Pictographs Keys - Interpret Pictographs Keys 
Teacher Notes for Pictograph Keys 


In this section, students are presented with pictographs but the key is not provided. By analyzing the 
FACT and the relationships supplied by the pictograph, students deduce the value of the key. 


Solutions 


1. 2; There are 3 fewer symbols after Gary’s name than after Ellen’s name. The FACT tells us that 
Gary has 6 fewer stuffed animals than Ellen. So 3 symbols equal 6 animals. Each symbol stands for 
6 + 3, or 2 stuffed animals. 

2. 4; There are 4 more symbols after Kent’s name than after Leroy’s name. The FACT tells us that 
Kent has 16 more fish than Leroy. So 4 symbols equal 16 fish. Each symbol stands for 16 +4, or 4 
fish. 

3. 10; There are 4 fewer symbols after Ned’s name than after Patty’s name. The FACT tells us that 
Ned has 40 fewer stickers than Patty. So 4 symbols equal 40 stickers. Each symbol stands for 40 = 4, 
or 10 stickers. 


BOOKS READ 


Conard EE E EY Ee 
Delia | EY EY Ee Ee 


Number of Books 


Fact: Delia read 15 more books than Bob. 
How many books does each stand for? 


HDNet DSoaceD 
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Describe: | seeagraph. There are 4 students. 
There are pictures of books after each student's name. 


The FACT tells how many more E books Delta read than Bob. 
My Job: Figure out what the key stands for. 


Plan: First | will figure out how many more E are after Delia’s 
name than after Bob’s name. 


Then I'll figure out what number each Ee stands for. 
Solve: Delia has 3 more E after her name than Bob. 


That means 3 E = 15 books. 
So E stands for 15 + 3, or 5 books. 
Check: Does this fit the fact? 


Bob: E- E or 5 + 5= 10 books 


Delia: © EB BB ors +5+5+5+5 = 25 books 


25-10=15 
Try these. 
STUFFED ANIMALS 
s Ellen eee e 4 aay 
er ae 
: Gary r§ r4 
: Helen P4 P§ r§ S 


Number of Stuffed Animals 


Fact: Gary has 6 fewer stuffed animals than Ellen. 
How many stuffed animals does each ssend for? 
Tell how you figured it out. 
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STICKERS 


Mary | GG Gh Gm Bs = 
Ned | Qe oc Ss Stand for 2. 
stickers 


Orrin | GiB Bs BS Ss GS BD 


Patty | > GG Gb Gb Gab 
Number of Stickers 


Fact: Ned has 40 fewer stickers than Patty. 
How many stickers does each «®3y stand for? 


De SoaceD 


FISH TANKS 


rene |e es ar as — 
Julie |ahy hy Be Stand tor x 
com lee ete hee athe he 

Leroy |e 


Number of Markers 


Fact: Kent has 16 more fish in his tank than Leroy. 
How many fish does each ay stand for? 


NeSoaceWD 


5.21 Pictograph Keys Extras 


Extras for Experts - Pictograph keys — Interpret Pictograph Keys 
Try these. Tell how you figured out the keys. 


BASKETBALLS 


KEY 
Cats Ww NY) Ww Stand for 2. 


basketballs 
in |@@O®@ 


Number of Basketballs 


Fact: The Jets have 15 fewer basketballs than the Lions. 
How many basketballs does each stand for? 
Tell how you figured it out. 


DeSoaceDH 
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BALLOONS 


Don @ @ @ “aa for 2 
5. @ @ Q @ balloons 
rve |[@OQOease 


Number of Balloons 
Fact: Faye has 8 more balloons than Don. 
How many balloons does each stand for? 
Tell how you figured it out. 


De SoaceD 


BUGS 


Henery we yi nS aa 
De e 
Jonna yi ee 


Number of Bugs 
Fact: Ken has 30 more bugs than Henry. 
How many bugs does each stand for? 
Tell how you figured it out. 


NeSoaceD 


Solutions 


1. 5; There are 3 fewer symbols after the Jet’s name than after the Lion’s name. The FACT tells us 
that the Jets have 15 fewer basketballs than the Lions. So 3 symbols equal 15 basketballs. Each 
symbol stands for 15 + 3, or 5 basketballs. 

2. 2; There are 4 more symbols after Faye’s name than after Don’s name. The FACT tells us that Faye 
has 8 more balloons than Don. So 4 symbols equal 8 balloons. Each symbol stands for 168 = 4, or 2 
balloons. 

3. 10; There are 3 more symbols after Ken’s name than after Henry’s name. The FACT tells us that 
Ken has 30 more bugs than Henry. So 3 symbols equal 30 bugs. Each symbol stands for 30 + 3, or 
10 bugs. 
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Chapter 6 


CK-12 Algebra Explorations, 
Grade 4 


6.1 Introduction 


This algebra module has been designed to develop grade 4 students understanding of ten key concepts of 
algebra and to enhance their problem solving skills. Each section begins with a brief description of the 
problem set and the concepts and skills developed. This is followed by the solutions to problems in the 
problem set. The first problem in each set is the “teaching problem.” It is completed following the five- 
step problem solving model and is designed to be used by teachers as the centerpiece of the instructional 
program. The teaching problem is followed by problems to be completed by the students working on their 
own. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 
Equality /Inequality: 


In this module, students explore equal and unequal relationships by interpreting and reasoning about 
pictures of pan balances containing various objects. Their job is to determine possible weights of objects. 
This is preparation for the study of variables as unknowns in equations and as varying quantities in 
functions. 


Variables as unknowns: 


Variables may be letters, geometric shapes, or objects that stand for a number of things. When used to 
represent an unknown, the variable has only one value. For example, in the equation, t+5 = 7, the variable 
t is an unknown and it stands for the number 2. When f is replaced with 2 in the equation, the expression 
to the left of the equal symbol names the same number as the expression to the right of the equal symbol; 
2+ 5 is another name for 7. In this module, students solve for the weights of blocks on scales, and for 
unknowns in two-by-two grids representing systems of equations. 


Variables as varying quantities: 


www.ck12.org 240 


In some equations, variables can take on more than one value. For example, in the equation g = 2 +7, if 
the value of qg is 5, then the value of r is 3. Or, if the value of r is 9, the value of g is 11. So, in this case g 
can be any number. However, once you choose a value for g, then the value for r is fixed. Likewise, once 
you choose a value for r, then the value of g is fixed. Variables as varying quantities appear in functions 
and formulas. In this module, students complete tables of values for one-step (e.g., y = 2z) as well as 
two-step functions (e.g., y = 2z+ 1). 


Proportional Reasoning: 


A major method for solving algebraic problems is by reasoning proportionally. Proportional reasoning is 
sometimes called “multiplicative reasoning,” because it requires application of multiplication or its inverse, 
division. In this module, students reason proportionally when they go bargain shopping and determine 
better buys, or interpret map scales and bar graphs to solve problems. 


Interpret Representations: 


Mathematical relationships can be displayed in a variety of ways including with text, tables, graphs, 
diagrams and symbols. Having students interpret these types of displays and use the data in the displays 
to solve problems is critical to success with the study of algebra. In this module, students interpret pan 
balances, circle and arrow grid diagrams, tables of values, weight scales, better-buy signs, maps, and bar 
graphs. 


Write Equations: 


Although an equation is a symbolic representation of a mathematical relationship, the writing of an equation 
is a key algebraic skill and one that requires separate attention and instruction. In this module, students 
learn to write equations using letters to represent weights of blocks pictured on scales. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction with the first problem in each problem 
set and that you encourage your students to follow the steps when solving the problems and when relating 
their solution processes to others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant.” 
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6.2 Boxes and Boxes 


Boxes and Boxes - Interpret pan balances to determine values of variables 
Teacher Notes 


In each problem, two pan balances are shown with boxes of different types. All boxes of the same type 
have the same weight and all are whole numbers of pounds. Students figure out the relative weights of 
objects from the relationships displayed by the pan balances. To begin, be sure that students recognize 
differences in the types of boxes. Draw students’ attention to the positions of the pans. If the two pans are 
not at the same level, then one pan, the lower one, is heavier. If the pans are level, then they hold equal 
weight. One of the difficulties students often experience is recognizing that if one box (call it A) has the 
same weight as, for example, two others, (B+ B), then the one box (A) is heavier. Point out to students 
that /b stands for pounds, and that all boxes with the same letter weigh the same number of pounds. 


Solutions 


1. n=8 pounds; p = 1,2, or 3 pounds. 
From D Box n weighs 8 pounds. 
From C, since 2p is less than 8, then p is less than 4. So p = 1,2, or 3 pounds. 


2. s=1or 2 pounds; r= 3 or 6 pounds. 
From F, 4s < 12, so s <3 or 1 or 2 pounds. 
From E, r= 3s, so r= 3 or 6 pounds. 


3. g = 2 pounds; t = 4 pounds 
From G, 3¢g = 6, so g = 2 pounds. 
From H, 4g = 4x 2, or 8 pounds. 
So 2t = 8 and t= 4 pounds. 


4. v=6 pounds; u = 1 pound 
From J, 2v = 12, so v = 6 pounds. 
From K, since v is heavier than 3u, 3u < 6, and u < 2. So u=1 pound. 


5. x=1 or 2;w = 2 or 4 pounds 
From L, 3x < 9 and x < 3. So x = 1 or 2 pounds. 
From M,w = 2x. Since x = 1 or 2,w = 2 or 4 pounds. 


6. y=5/b; z=1 or 2 pounds 
From N, 3y = 15, so y = 5 pounds. 
From P,y > 2z, so 5 > 2z. Then z = 1 or 2 pounds. 
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All weights are whole numbers of pounds. 


What could be the weights of Boxes m and r? 


Describe There are two pan balances, A and B. 

A: The pans are level. 

B: The pans are not level. 

There are two different boxes, m and r. There is a 6 pound box on B. 
My Job Figure out the weights of m and r. Decide if other weights are possible. 
Plan A: 3,7 weighs the same as m. 

B: The pan with m weighs less than 6 pounds. 

Start with this fact. 


Solve B: m<6 pounds so m = 1,2,3,4, or 5 pounds 

A: Since m= 3r, then m is a multiple of 3.Som=3 andr=1. 
Check A: 3=14141 

B: 6>3 


What could be the weights? Tell how you figured it out. 


All weights are whole numbers of pounds. 


apa | n= 2 pounds 


Cc D p = 2 pounds 


s = ? pounds 


r=? pounds 
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What could be the weights? Tell how you figured it out. 


All weights are whole numbers of pounds. 


i] ad 


H q =? pounds 


t=? pounds 


G v =? pounds 
u = 2? pounds 
What could be the weights? Tell how you figured it out. 
All weights are whole numbers of pounds. 
M xs 2 pounds 


w = 2 pounds 
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y = 2? pounds 


z= 2 pounds 


6.3. Boxes and Boxes Extras 


Extras for Experts - Boxes and Boxes — Interpret pan balances to determine values of variables 


Solutions 


1. 


t = 2 pounds; u = 4 pounds 
From D,3u = 12, so u = 4 pounds. 
From C, 2t = 4, so t = 2 pounds. 


v = 3 pounds; w = 1 pounds 

From H,v <5 or 1,2,3 or 4 pounds. 

From G,v = 3w, so v must be a multiple of 3. 
Then 3 = 3w and w is 1 pound. 


y =4,8, or 12 pounds; z = 1,2, or 3 pounds 

From J,y < 16 or 1, 2,3,...,15 pounds. 

From K,y = 4z, so y= must be a multiple of 4. 

The possible multiples of 4 that are less than 16 are 4,8, and 12. 
If y= 4,8, or 12, then z= 1,2, or 3 pounds. 


r = 1,2 or 3 pounds; s = 10 pounds 
From B,2s = 20, so s = 10 pounds. 
From A, 3r < 10, or 1,2,3,...,9 pounds. So r= 1,2, or 3 pounds. 


All weights are whole numbers of pounds. 


What could be the weights? Tell how you figured it out. 
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t= ? pounds 


u = ? pounds 


v = ? pounds 


w =? pounds 


All weights are whole numbers of pounds. 


What could be the weights? Tell how you figured it out. 
J 
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y = ? pounds 


Zz = ? pounds 


r=? pounds 


s =? pounds 


6.4 Circles and Arrows 


Circles and Arrows - Solve for Unknowns 
Teacher Notes 


Circles and Arrows show grids in which circles contain numbers and letters that represent unknown quan- 
tities. Arrows point to sums of rows and columns. For example, in the top row, 6+A+ B= 13. In the 
first column, 6+ B+ B= 16. Students use the grid relationships to figure out the values of the letters. 
Each grid contains three different letters and one number. 


Solutions 
1. D=4, E=1, F=10 
2.G=7, H=3, J=6 
3. K=8, M=4,N=3 
4. P=6, R=2,5=8 
5. 0=5, T=7, V=4 
6. V=3, W=9, Z=5 


The arrows point to the sum of each row or column. Figure out the value of each letter. 


13 


18 


16 15 15 
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Describe 


Job 
Plan 


Solve 


Check 


There are rows and columns with numbers and letters. 

Arrows point to sums. 

There are three different letters. 

Figure out the value of each letter, a,b, and c. 

In the first column, there are 2 Bs and 6. 

Start with that column. 

Column 1: 6+B8+B=16, soB+B=10 and B=5. 

Row 1 has 6, B and A. Replace B with 5 and solve for A,6 +A +5=13, soA+11= 

13 and A = 2. 

Column 2: replace A and B with their values, and find C.2+5+C= 15, so7+C 

= 15, and C =8. 

Rows top to bottom: 6+2+5=13 Columns left to right: 6+5+5= 16 
5+5+8=18 2+54+8=15 
5+8+2=15 5+84+2=15 


The arrows point to the sum of each row or column. Figure out the value of each letter. 
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12 

10 

15 
D=? 
=? 
F=? 

9 22 
248 


The arrows point to the sum of each row or column. Figure out the value of each letter. 
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15 


18 


16 


23 


13 


17 


15 17 21 


6.5 Circles and Arrows Extras 


Extras for Experts - Circles and Arrows — Solve for Unknowns 


Solutions 
1. X=3, Y=4, Z=7 
2. A=2, B=9, C=5 
3. D=8, W=3, F=6 
4.G=7, H=4, J=1 


The arrows point to the sum of each row or column. Figure out the value of each letter. 
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16 


15 


12 16 12 


6.6 Follow the Rule 


Follow the Rule - Complete one-step function tables 
Teacher Notes 


In these problems, students follow rules presented in words and with symbols to complete two-column 
function tables. Each of the rules requires one computational step. For some rows in the tables, students 
have to apply inverse operations to figure out the value of the input variable. 


Solutions 
1. 
Table 6.1: 
Cc d 
7 35 
1. 4 20 
23 2 10 
3. 9 45 
4, 1 5 
5. 3 15 
6. 6 30 
7. 5 25 
2. 
Table 6.2: 
e f 
12 4 
1. 6 2 
2. 18 3 
3. 15 5 
4, 9 3 
5. 24 8 
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Table 6.2: (continued) 


e f 
6. 3 1 
7. 27 9 
Table 6.3: 
g h 
24 33 
1. 30 49 
2. 41 60 
3. 20 39 
4. 23 42 
5. 48 67 
6. 42 61 
7. 65 84 
Table 6.4: 
J k 
6 54 
1. 3 27 
2. 1 9 
3. 9 81 
4, 5 45 
5. 7 63 
6. 2 18 
7. 4 36 
Table 6.5: 
m n 
8 32 
1. 4 16 
2: 7 28 
3. 2 8 
4, 5 20 
5. 1 4 
6. 0 0 
fe 3 12 
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Table 6.6: 


OnrFrnnanwtnvoneo 


SGN OH DOR 


Table 6.7: 


50 
40 
70 
59 
33 
38 
42 
64 


HN OH id ON 


Table 6.8: 


OMMINDMh~ HH 


HNO Hid ORM 
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Think 3 x 4 = 12 


a stands for a number. 
Follow the rule. 
Complete the table. 


Describe The table has two columns. 

The letters a and b stand for numbers. 

The rule is: Multiply a by 3 to get b. 
Job Figure out the numbers for a and b to complete the table. 
Plan T’ll start by figuring out b for Rows 3 and 5. 

For Rows 2,4, and 6, I will divide b by 3 to get a. 


Solve Check 
Rule: b = 3a 


= 


2 nk wWN 


Complete the tables. 
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6.7 Follow the Rule Extras 


Extra for Experts - Follow the Rule — Complete one-step function tables 


Solutions 
1. 
Table 6.9: 
a b 
7 42 
1 5 30 


259 www.ck12.org 


Table 6.9: (continued) 


a b 
2, 0 0 
3. 2 12 
4, 8 48 
5. 3 18 
6. 1 6 
es 9 54 
2. 
Table 6.10: 
Cc d 
14 7 
1. 6 3 
2. 18 9 
3. 12 6 
4, 2 1 
5. 10 5 
6. 8 4 
Gs 16 8 
3. 
Table 6.11: 
e f 
10 39 
1. 20 49 
2. 41 70 
3. 70 99 
4, 40 69 
5. 25 54 
6. 15 44 
7. 36 65 
4. 
Table 6.12: 
g h 
6 48 
1. 3 24 
2: 0 0 
3. 9 72 
4, 1 8 
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Table 6.12: (continued) 


g h 
5. 7 56 
6. 4 32 
7. 5 40 
Table 6.13: 
J] k 
20 5 
1. 12 3 
2. 28 7 
3. 8 2 
4, 24 6 
5. 36 9 
6. 24 6 
ihe 16 4 
Table 6.14: 
m n 
51 30 
1. 31 10 
2. 61 40 
3. 41 20 
4, 70 49 
5. 40 19 
6. 30 9 
7. 62 41 
Table 6.15: 
Dp r 
36 4 
1. 18 2 
2. 45 5 
3. 81 9 
4, 27 3 
5. 54 6 
6. 72 8 
Gs 63 7 
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Table 6.15: (continued) 


Table 6.16: 


pu? OE pes oe No 


Complete the tables. 
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6.8 Follow the Rules in Order 


Follow the Rules in Order - Complete two-step function tables 
Teacher Notes 


In these problems, students complete two-column function tables for rules that requre two computational 
steps. For each problem, the first step is always multiplication or division. The second step is always 
addition or subtraction. 


Solutions 
1. 
Table 6.17: 
n Ss 
3 5 
1. 7 13 
2. 5 9 
3. 10 19 
4, 2 3 
5. 4 7 
6. 9 17 
2. 
Table 6.18: 
a P 
6 40 
1 2 20 
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Table 6.18: (continued) 


SOR WN 


ew WwW Oo;]a 


Table 6.19: 


oo PWN 


Table 6.20: 


Oo RW NE 


WOmAoanaly 


Table 6.21: 


SOR WNP 


GaeOrooNnon | > 
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Table 6.22: 


Ss tee ON OD 


AN OH 15 OS 


Nn 


Table 6.23: 


wd AN OD On 


HANH Hd OS 


Table 6.24: 


eT ouoUMN TAD O&O 


ANH +H 15 oS 
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CF Ne 


Follow the rules in order. 


Complete the table. 


Describe The table has two columns. 
The rule is: Multiply p by 2 and add 1 to get q. 
My Job Figure out g numbers and complete the table. 
Plan Start with a number in the p column. First, multiply it by 2. 


Then add 1 to that product. 


Check 


2x3 =6and6+1 =7 
2x6 =6and12+1=13 
2x10=6and 20+1=21 
2x9 =6and18+1=19 
2x8 =6and16+1=7 


Follow the rules in order. Complete the tables. 
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6.9 Follow the Rules in Order Extras 


Extra for Experts - Follow the Rules in Order — Complete two-step function tables 


Solutions 
1. 
Table 6.25: 
t u=5xt-2 
4 18 
1. 3 13 
2. 1 3 
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™ 


Table 6.25: (continued) 


NS om oO 


om ON WY 


Table 6.26: 


NO oP ON 


i) 


Table 6.27: 


NS ote GN 


rErnonwoemdonwn 


Table 6.28: 


a=zx10-1 


oP ON 
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NIE Bonwalara 
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Table 6.28: (continued) 


zx10-1 


a= 


89 
59 


Follow the rules in order. Complete the tables. 


5xt-2 


3 


vtz2+17 
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6.10 Weighing Weights 


Weighting weights - Solve the Values of Unknowns 


Teacher Notes 


Each problem shows three scales, their contents, and their weights. Students use the data provided in 
the display as clues to determine the weight of each block in whole number of pounds. The three scales 
represent a set of three equations with three unknowns. 
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Solutions 


1. W& =S pounds; 
2. WS =3 pounds; 
3. WZ -=5 pounds; 
5. WH -=7 pounds; = 5 pounds; 


6. SH =8 pounds; = 7 pounds; 


4. B&H -=8 pounds; (I = 4 pounds; = 6 pounds 


@@ = ? pounds 


= ? pounds 


P= 2 pounds 
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Describe There are three scales, A, B, and C, with blocks. 
Scale A has & and a 12 pound weight. They weigh 16 pounds. 
Scale B has BB and SB and fj. They weigh 14 pounds. 


Scale C has B and (I and F. They weigh 17 pounds. 


My Job Figure out the weights of the blocks. 


Plan Start with A and find the weight of &- 
Write the weight on all of its pictures. 
On B, find the weight of] . Write the weight on all of its pictures. 


On Scale C, find the weight of Za : 


Solve A: The 12 pound weight and & weigh 16 pounds, so SB weighs 16 - 12, 


or 4 pounds. 
B: Two SB and weigh 14 pounds. 


That means that weighs 14 - 4 - 4, or 6 pounds. 


C:&, W, and FA weigh 17 pounds. 
That means that PF weighs 17 - 4 - 6, or 7 pounds. 


Check Replace each block with its weight. 
Scale A: 12 + 4= 16 Scale B:4+4+6= 16 
Scale C:4+6+7=17 


Figure out the weights of the blocks. 


@B. = ? pounds 


i = _? pounds 


Ya | = ? pounds 
= ; _ 


Scale D Scale E Scale F 


re 
‘i 


Na’ 
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@B = ? pounds 


= ? pounds 


= 2 pounds 


Scale G 


@ = ? pounds 


= ? pounds 


P= 2 pounds 


Scale J Scale K 


Figure out the weights of the blocks. 


@B = ? pounds 


= ? pounds 


= 2 pounds 


Scale D 


@8 = ? pounds 


= ? pounds 


) = 2 pounds 


Scale H Scale I 


Scale G 
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@@ = ? pounds 


; i = ? pounds 


mah ae 4 
D> | _?_ pounds 


Scale L 


6.11 Weighing Weights Extras 


Extras for Experts - Weighing Weights — Solve for Values of Unknowns 


Solutions 


1. WZ] =3 pounds; = 4 pounds; F = 7 pounds 


2. WZ] =S pounds; = 8 pounds; FP = 6 pounds 
3. WS =9 pounds; = 3 pounds; F = 5 pounds 
4. WW] =7 pounds; = 5 pounds; Za = 8 pounds 
5. WW] -=9 pounds; = 6 pounds; = 4 pounds 


6. S = 4 pounds; = 7 pounds; FP = 3 pounds 


Figure out the weights of the blocks. 


@@ = ? pounds 


= ? pounds 


= 2 pounds 
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Scale G 


Scale J 


Scale M 


Scale P 


@@ = ? pounds 


| = ? pounds 


Scale H Scale | 


@B = ? pounds 


= _? pounds 


| = _? pounds 


Scale L 


@B. = ? pounds 
. i = ? pounds 
fr = ? pounds 
Scale N Scale O 
@B = ? pounds 


i = ? pounds 


= 2 pounds 


Scale Q Scale R 
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6.12 


Equations with Letters - Write and Solve Equations 


ee 


— 


Teacher Notes 


an 1. _?_ pounds 


Scale S Scale T ‘Scale U 


Equations with Letters 


= ? pounds 


= ? pounds 


Students are presented with three scales, their contents, and their weights. They represent relationships 
shown in the scales by writing equations using letters to represent unknown weights of blocks. In the 
next section, they solve sets or systems of equations without pictures. It is in this section that students 
represent sets of the same type of block as a product rather than as a sum (e.g., 3” instead of n+n-+n). 


Solutions 
1. d5+y=7; y+z=6; z+z74+x=13 
x = 5 pounds; y = 2 pounds; z = 4 pounds 
2. 10+z=15; x+z24+z=17; x+y4+z=15 
x = 7 pounds; y = 3 pounds; z = 5 pounds 
3. T+x=138; x+x+y=16; x+y+z2=17 
x = 6 pounds; y = 4 pounds; z = 9 pounds 
4. x+x+y=9; ytyt+z=13; 9+z=12 
x = 2 pounds; y = 5 pounds; z = 3 pounds 
5. x+z+z=18; 64+z=14; x+y4+z=17 
x = 2 pounds; y = 7 pounds; z = 8 pounds 
6. 4+y+ty=16; x+y=11; x+y+z=19 
x = 5 pounds; y = 6 pounds; z = 8 pounds 
7.x = 7 pounds; y = 4 pounds; z = 6 pounds 


8. 
9. 


x =9 pounds; y = 8 pounds; z = 3 pounds 
x = 4 pounds; y = 3 pounds; z = 5 pounds 


10. x = 4 pounds; y = 6 pounds; z = 8 pounds 


11. x = 3 pounds; y = 11 pounds; z = 6 pounds 


12. x = 5 pounds; y = 4 pounds; z = 9 pounds 
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x =_? pounds 


y =_? pounds 


z= _? pounds 


So as gare Se am ear 
Scale A Scale B Scale C 


Describe There are three scales with blocks. 
Scale A has an 8 pound weight and one x block. They weigh 13 pounds. 
Scale B has one y block and 2 x blocks. They weigh 14 pounds. 
Scale C has one x block, one y block, and one z block. They weigh 15 pounds. 
My Job Figure out the weights of the blocks. 
Plan Write an equation for each scale. 
Scale A: 8+x= 138 
Scale B: y+x+x= 14. 
Scale C:x+y+z=15. 
Solve A:8+x= 13. Then x = 13-8, or 5 pounds. 
B:y+x+x= 14. Replace each x with its value so y+5+5 = 14, and y= 4 pounds. 
C:x+y+z= 12. Replace each x and y with the value, 
so5+4+z=15, and z=6 pounds. 
Check Replace each block with its weight. 
Scale A:8+5=13 Scale B:44+5+5= 14 ScaleC:54+4+6= 15. 


Write equations. Figure out the weights of the blocks. 


x =_? pounds 


y =_? pounds 


zZ=_? pounds 


og ecb a SE acter gee 
Scale E Scale F 


Scale D 
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Scale J 


Scale Q 
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Scale I 


Scale L 


Scale S 


284 


x= _? pounds 


y =_? pounds 


z= _? pounds 


x= _? pounds 


y =_? pounds 


z= _? pounds 


x= _? pounds 


y =_?_ pounds 


z= _? pounds 


x =_? pounds 


y =_? pounds 


z=_? pounds 


x= _? pounds 


y =_? pounds 


z= _? pounds 


— - 
oS iad 
Scale V 


Scal eT 


Eric wrote these equations from pictures of blocks on scales. 


Use Eric’s equations. Find the weight of each block. 


7 5+x=12 
x+y=11 
x+z=13 
x= pounds 
y=____ pounds 
Z=____ pounds 

8 7+y=15 
y+z=1l 
z+x=12 
x= __ pounds 
y=____ pounds 
Z=___ pounds 

9. z+6=11 
x+z=9 
xX+ty+z=12 
x= pounds 
y=____ pounds 
Z=____ pounds 

10.1+2x=9 
x+y=10 
x+y+z=18 
x=___ pounds 
y= ____ pounds 
Z=___ pounds 

11. 8+ 2z = 20 
z+x=9 
x+y+z=20 
x= pounds 
y=____ pounds 
Z=____ pounds 

12. 2y+3=11 
yt+z=13 
2x+z=19 
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6.13 Equations with Letters Extras 


Extras for Experts - Equations with Letters — Write and Solve Equations 
Solutions 


1. 8+x+x=16; x+-x+y+y=18; x+y+y+z= 20 
x = 4 pounds; y = 5 pounds; z = 6 pounds 

2. ll+y+y=17; y+z+z2=17; x+x+y+z= 20 
x = 5 pounds; y = 3 pounds; z = 7 pounds 

3. 10+2+2= 20; yty+z+z72=18; x4+x+y4+724+2= 26 
x = 6 pounds; y = 4 pounds; z = 5 pounds 

Write equations. Figure out the weights of the blocks. 


seeettay, 


x =_? pounds 


_ ‘ y =_? pounds 
: »» [ z=_? pounds 
: =e = z : Bs 


_— a ; 


Scale B 


x= _? pounds 


y =_? pounds 


z= _? pounds 


Sn) perenne 2 ie Se == Ta 
Scale C Scale D Scale E 
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x= _? pounds 


y =_? pounds 


Z=_? pounds 


_- 


[See 
Scale F 


6.14 Bargain Shopping 


Teacher Notes 


In Bargain Shopping signs show prices for the same item at two different stores. At one store, the price 
is a multiple of the number of units, so the unit price can be easily determined by dividing. At the other 
store, the price is not a multiple of the number of units. To determine the better buy, students have to 
equate the number of items from both stores and compare prices. 


Solutions 


1. Art’s Supplies; Art’s Supplies: 18 + 2 = $9/brush and 3 x 9 = $27 for 3 brushes. 
$27 < $28. 


2. Art’s Supplies; Art’s Supplies: 35 + 5 = $7/jar and 6 x 7 = $42 for 6 jars. 
$42 < $43. 

3. Picture It; Art’s Supplies: 15 + 3 = $5/palette and 4 x 5 = $20 for 4 palettes. 
$19 < $20. 

4. Picture It; Art’s Supplies: 40 + 5 = $8/knife and 7 x 8 = $56 for 7 knives. 
$54 < $56. 

5. Art’s Supplies; Picture It: 60 + 6 = $10/pad and 4 x 10 = $40 for 4 pads. 
$37 < $40. 

6. Picture It; Picture It: 27 + 3 = $9/canvas and 2 x 9 = $18 for 2 canvases. 
$18 < $23. 


Bargain Shopping - Reason Proportionally 


Art’s Supplies Picture It 
Pastels Pastels 


3 boxes for $25 4 boxes for $28 


Which store has the better buy for 3 boxes of pastels? 
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Describe: Two stores sell boxes of pastels. 
Art’s Supplies: 3 boxes for $25 
Picture It: 4 boxes for $28 
My Job: Decide which store has the better buy. 
Plan : Ill start with Picture It. 
I can easily figure out the price of one box of pastels at that store. 
Then I’ll find the cost of 3 boxes of pastels at Picture It and compare with Art’s Supplies. 
Solve : Picture It: 4 boxes for $28 is 28+ 4, or $7 per box. 
3 boxes at Picture It are 3x7, or $21. 
$21 is less than $25. So Picture It has the better buy. 
Check : Picture It: $28+4=7 and 3x7 = $21. 
$21 < $25 


Use the facts on the signs. Figure out the better buy. 


Which store has the better buy for 3 brushes? How did you decide? 


Which store has the better buy for 4 palettes? How did you decide? 
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Which store has the better buy for 7 palette knives? How did you decide? 


Which store has the better buy for 4 pads of drawing paper? How did you decide? 


Which store has the better buy for 2 canvases? How did you decide? 


6.15 Bargain Shopping Extras 


Extra for Experts - Bargain Shopping — Reason Proportionally 
Use the facts on the signs. Figure out the better buy. 


Which store has the better buy for 3 carnations? How did you decide? 
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Which store has the better buy for 3 mum plants? How did you decide? 


Which store has the better buy for 9 bud vases? How did you decide? 


Which store has the better buy for 6 pounds of potting soil? How did you decide? 


Which store has the better buy on 7 bamboo shoots? How did you decide? 


www.ck12.org 290 


Which store has the better buy for 6 roses? How did you decide? 
Extra for Experts - Bargain Shopping — Reason Proportionally 


Solutions 

1. Flower Mart; Flower Mart: 25 +5 = $5/carnation, and 3 x 5 = $15. 
$15 < $16. 

2. Blooms; Flower Mart : 22 +2 = $11/mum plant, and 3 x 11 = $33. 
$31 < $33. 

3. Blooms; Blooms: 32 +4 = $8/bud vase,and 9 x 8 = $72. 
$72 < $79. 

4. Flower Mart;Flower Mart: 48 + 8 = $6/pound, and 6 x 6 = $36. 
$36 < $41. 

5. Blooms; Blooms: 70 +10 =$7/bamboo shoot, and 7 x 7 = $49. 
$49 < $50. 

6. Flower Mart; 4 dozen is 6 roses and 6 roses for $15 means 12 roses for $30. 
$30 < $36. 


6.16 Map Quest 


Map Quest - Reason Proportionally 
Teacher Notes 


Map Quest presents maps showing cities and connections between them. Students use the key and reason 
proportionally to determine distances in miles, then use the facts to identify the cities. All keys show 
numbers of miles per inch, and all distances on maps are whole numbers of inches. 


Solutions 
Map Quest 1 
A is Bakersville 
B is Dayton 
C is Akron 
D is Zucker 
Map Quest 2 
A is Medford 
B is Dayton 
C is Alta 

D is Gerard 
E is Waban 
Map Quest 3 
A is Stanton 
B is Recker 
C is Higley 
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D is Power City 
E is Salt City 
Map Quest 4 

A is Wood Hill 
B is Post 

C is Dryville 

D is Cave Creek 
E is Spider City 


KEY 
1 inch stands 
for 20 miles 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


. Woodstock to Toledo is 40 miles. 

. Mesa to Kent is 80 miles. 

. Rocky Creek to Mesa round trip is 40 miles. 

. Mesa to Toledo is the same distance as Woodstock to Kent. 


ewnN re 


A is 
B is 
C is 
D is 
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Describe : The map shows 4 cities, A, B,C and D. 
The key shows that 1 inch stands for 20 miles. 
Facts give information about distances between cities. 
My Job: Use the facts. Name the cities. 
Plan: Measure distances in inches between cities. 
Use the key to figure out distances in miles. 
Decide which clue to use first. 
Solve : Use Fact 3. Round trip of 40 miles means 2 inches. D is 1 inch from Mesa 
so roundtrip is 2 inches. D is Rocky Creek. 
Use Fact 2 : 80 miles is 4 inches, so A is Kent. 
Use Fact 4: B to A is 3 inches and C to Mesa is 3 inches. A is Kent, so B 
is Woodstock and C must be Toledo. 
Use Fact 1 to check: B to C is 2 inches or 40 miles. 
Check : Fact 1, Woodstock to Toledo is 2 inches, and 2 x 20 = 40 miles. 
Fact 2, Mesa to Kent is 4 inches, and 4 x 20 = 80 miles. 
Fact 3, Rocky Creek to Mesa is 1 inch, or 2 inches round trip, and 2 x 20 = 


40 miles. 
Fact 4, Mesa to Toledo is 3 inches or 3 x 20 = 60 miles and Kent to 
Woodstock is 3 inches or 3 x 20 = 60 miles. 


Map Quest 1 - Reason Proportionally 


KEY 
1 inch stands 
.. Saugus, ,.. i : for 25 miles 
ee 
A B Cc D 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


. Bakersville to Zucker is 100 miles. 

. Zucker to Saugus is 75 miles. 

. Saugus is halfway between Bakersville and Dayton. 
. Akron is 50 miles from Saugus. 


Kw NMe 


Ais 
Bis 
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C is 
D is 


Map Quest 2 - Reason Proportionally 


A (1) 8B (2’) Gentry KEY 
1 inch stands 


for 50 miles 


Use your ruler and the key. 
Figure out distances in miles between cities. 


Then use the facts to name the cities. 


Facts: 
1. Gentry to Dayton to Alta is 200 miles. 
2. Medford is 50 miles from Dayton. 
3. Waban is 50 miles from Gerard. 
4. Medford to Gerard is 150 miles. 
Ais 
B is 
C is 
D is 
E is 


Map Quest 3 - Reason Proportionally 


1 inch stands 


for 60 miles 


Use your ruler and the key. 
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Figure out distances in miles between cities. 


Then use the facts to name the cities. 


Facts: 
1. Baseline to Stanton is 60 miles 
2. Baseline to Stanton to Recker is 180 miles. 
3. Baseline to Salt City to Power City is 120 miles. 
4. Higley is 60 miles from Recker. 
A is 
B is 
C is 
D is 
E is 


Map Quest 4 - Reason Proportionally 


KEY 


(1”) (1”) 1 inch stands 
for 50 miles 


Use your ruler and the key. 
Figure out distances in miles between cities. 


Then use the facts to name the cities. 


Facts: 
1. Wood Hill and Spider City are both 15 miles from Fanta. 
2. Wood Hill to Post is 30 miles. 
3. Spider City to Cave Creek to Post is 30 miles. 
4. Dryville is 15 miles from Post and 45 miles from Wood Hill. 
Ais 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 1 — Reason Proportionally 
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Bayside (4°) A (17) B 
g KEY 


1 inch stands 
for 10 miles 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Bayside to Culver City is 10 miles. 
2. Lorraine is 40 miles from Bayside. 
3. Culver City to Loon Creek to Alton is 30 miles. 
4. Fernville is 50 miles from Bayside. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 2 — Reason Proportionally 


KEY 
1 inch stands 
for 40 miles 
B (2’) Cc (3”) D 
A E Riverside 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 
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. Albion to Riverside is 40 miles. 

. Felton is 120 miles from Riverside and 40 miles from Mentos. 
. Taco to Mentos to Albion is 200 miles. 

. Santa Casa is 40 miles from Taco. 


PwN re 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 3 — Reason Proportionally 


KEY 


(3”) 1 inch stands 
for 100 miles 


Satton 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Sutton to Fenton is 100 miles more than Sutton to Briars. 
2. Briars to Newton is the same distance as Newton to Waban. 
3. Waban to Newton round trip is 400 miles. 

4. Newton to Malden round trip is 200 miles. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 4 — Reason Proportionally 
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KEY 
1 inch stands 
for 50 miles 


E Reston D 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Reston to Florence to Culver to Brazelton is 250 miles. 

2. Brazelton is 50 miles from Reston. 

3. Trenton to Brazelton is 150 miles. 

4. Culter to Menton is twice the distance of Menton to Reston. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 
Solutions 


Extra for Experts: Map Quest 1 


A is Lorraine 

B is Fernville 

C is Alton 

D is Loon Creek 

E is Culver City 

Extra for Experts: Map Quest 2 
A is Santa Casa 

B is Taco 

C is Mentos 

D is Albion 
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E is Felton 
Extra for Experts: Map Quest 3 
A is Fenton 
B is Waban 


C is Newton 

D is Malden 

E is Briars 

Extra for Experts: Map Quest 4 
A is Trenton 


B is Brazelton 
C is Culver 
D is Florence 


E is Menton 


6.17 Map Quest Extras 


Extras for Experts: Map Quest 1 — Reason Proportionally 


Bayside (4’) A (1) B 
KEY 
(1°) (1") 1 inch stands 
for 10 miles 
E (2°) bp (1) Cc 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Bayside to Culver City is 10 miles. 
2. Lorraine is 40 miles from Bayside. 
3. Culver City to Loon Creek to Alton is 30 miles. 
4. Fernville is 50 miles from Bayside. 


A is 
B is 
C is 
D is 
E is 
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Extras for Experts: Map Quest 2 — Reason Proportionally 


KEY 
1 inch stands 
for 40 miles 
B (2”) C (3°) 
A E Riverside 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Albion to Riverside is 40 miles. 

2. Felton is 120 miles from Riverside and 40 miles from Mentos. 
3. Taco to Mentos to Albion is 200 miles. 

4. Santa Casa is 40 miles from Taco. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 3 — Reason Proportionally 


KEY 


(3”) 1 inch stands 


Satton for 100 miles 


Use your ruler and the key. 
Figure out distances in miles between cities. 


Then use the facts to name the cities. 
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Facts: 


1. Sutton to Fenton is 100 miles more than Sutton to Briars. 
2. Briars to Newton is the same distance as Newton to Waban. 
3. Waban to Newton round trip is 400 miles. 

4. Newton to Malden round trip is 200 miles. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 4 — Reason Proportionally 


KEY 
A B 2 Cc 
Se 1 inch stands 
for 50 miles 
(1°) (1°) 
(3°) (2°) 
E Reston D 


Use your ruler and the key. 
Figure out distances in miles between cities. 
Then use the facts to name the cities. 


Facts: 


1. Reston to Florence to Culver to Brazelton is 250 miles. 

2. Brazelton is 50 miles from Reston. 

3. Trenton to Brazelton is 150 miles. 

4. Culter to Menton is twice the distance of Menton to Reston. 


A is 
B is 
C is 
D is 
E is 


Extras for Experts: Map Quest 
Solutions 


Extra for Experts: Map Quest 1 


A is Lorraine 
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B is Fernville 

C is Alton 

D is Loon Creek 

E is Culver City 

Extra for Experts: Map Quest 2 


A is Santa Casa 

B is Taco 

C is Mentos 

D is Albion 

E is Felton 

Extra for Experts: Map Quest 3 
A is Fenton 

B is Waban 


C is Newton 

D is Malden 

E is Briars 

Extra for Experts: Map Quest 4 
A is Trenton 


B is Brazelton 
C is Culver 
D is Florence 


E is Menton 


6.18 Bar Graphs 


Teacher Notes 


Students interpret mathematical relationships presented in FACTS and complete bar graphs to match the 
facts. For each problem, the scale is provided for the vertical axis. Names of people or classes on the 
horizontal axis are deduced from the facts. 


Solutions 
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BOOKS READ 


ge 14 
5 12 
m 10 
o 8 
Ss 6 
e 4 
5 2 
0 

Ella Abe Dora Bea _ (Gal 
Student 
MARKERS 
© 70 
= 60 
S 50 
‘S 40 
Ss 30 
= 20 
5 10 
0 
Jack Kent Mimi Neil Leanne 
Student 


Use the FACTS and the bar graph to figure out the grade levels. 


Write the grade levels on the lines under the bars. 
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Students in Grades 1-5 
in ELLIS SCHOOL 


ao N 
oOo oO 


wo 
(oo) 


Number of Students 
NO & 
(ep) © 


= 
oO O 


FACTS 


. There are twice as many grade 1 students as grade 4 students. 
. There are 10 more grade 1 students than grade 3 students. 

. There are half as many grade 5 students as grade 3 students. 

. The total number of student in the 5 grades is 175. 
Describe: The graph has 5 bars. 


rwnN re 


The bars show numbers of students. 
The FACTS give information about the number of students in each grade. 
My Job: Use the facts to figure out the grade level represented by each bar. 
Write the grade levels under the bars. 
Plan: Use the scale. Figure out the number of students for each bar. 
Find numbers that fit the FACTS. 
Label the bars with the grades. 
Solve : From left to right, the bars stand for 10, 25, 30,50, and 60 students. 
Fact 2: There are 10 more students in grade 1 than 3. 
The numbers 50 and 60 differ by 10, 
so grade 1 is 60 and grade 8 is 50. 
Fact 3: 25 is half of 50 and grade 3 is 50. So grade 5 is 25. 
Fact 1 : 60 is twice 30 and grade 1 is 60. So grade 4 is 30. 
Fact 4: The only grade left is grade 2, so it must be 10, and 10 added to the total 
number of students in the other grades equals 175. 
Grade 2(10), grade 5(25), grade 4(30), grade 3(50), grade 1(60) 
Check : Grade 1 is twice grade 4 : 2 x 30 = 60. 
10 more students in grade 1 than grade 3 : 50 + 10 = 60. 
Half as many in grade 5 than in grade 3 : 50 +2 = 25. 
Total: 10 + 25 + 30+ 50+ 60 = 175. 
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1. Use the FACTS and the bar graph to figure out the names. 


Write the names on the lines under the bars. 


BOOKS READ 


—_ —_— = 


Number of Books 
ON BRDWOON & 


FACTS 


. Ella read half as many books as Dora. 
. Cal read twice as many books as Abe. 
. Bea didn’t read the greatest number of books. 
. Together, Bea and Cal read 21 books. 


rwWrN re 


2. Use the FACTS and the bar graph to figure out the names. 


Write the names on the lines under the bars. 


MARKERS 


Number of Markers 
& 
(ee) 


Student 


FACTS 


1. Jack has half as many markers as Neil. 
2. Together, Jack and Mimi have the same number of markers as Leanne. 
3. Leanne has twice as many markers as Kent 


305 www.ck12.org 


6.19 Bar Graphs Extras 


Extras for Experts - Bar Graphs — Interpret Bar Graphs 


Solutions 


PETS FOR CLASSMATES 


Number of Pets 
a 


5 4 1 2 3 
Grade 


ROOMS IN MY HOUSE 


Number of Rooms 
(ee) 


lan Earl Gina Hal Fran 
Student 


1. Use the FACTS and the bar graph to figure out the names. 


Write the names on the lines under the bars. 
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PETS FOR CLASSMATES 


Number of Pets 
a 


FACTS 


. Grade 3 has 10 more pets than grade 1. 

. Grade 5 has half as many pets as grade 4. 

. Grade 2 has the same number of pets as grades 4 and 5 together. 
. Grade 3 has the same number of pets as grades 1 and 5 together. 


Erwnre 


2. Use the FACTS and the bar graph to figure out the names. 


Write the names on the lines under the bars. 


ROOMS IN MY HOUSE 


—_ — = 


Number of Rooms 
ON BRDWOON 


Student 


FACTS 


. There are half as many rooms in Earl’s house as in Fran’s house. 
. Hal’s and Ian’s houses have a total of 12 rooms. 

. Hal’s house has twice as many rooms as Ian’s house. 

. There is one more room in Gina’s house than in Earl’s house. 

. Gina’s house has 2 more rooms than Ian’s house. 


oF WH FR 
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6.20 Missing Bars 


Teacher Notes 


In this section, some of the bars are missing from the graph. Students use the FACTS to deduce the nature 
of the missing bars. 


Solutions 
PENS 
14 
242 
o@ 10 
o 8 
s 6 
e 4 
5 2 
0 
Ann Bert Chris Dina Eric 
Student 
PENCILS 


Number of Pencils 
NO 
© 


Lisa Neil Mary Owen Patty 
Grade 


Use the FACTS and the bar graph. 


Draw the missing bars. 
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MARKERS 


Number of Markers 


Jan Kyle Lily Mark Eric 
Students 


FACTS: 


1. Lily has twice as many markers as Jan. 
2. Bob has 10 fewer markers than Kyle. 
3. Eric has half as many markers as Lily. 


Describe : The bar graph shows numbers of markers. 
Three bars are missing. 
FACTS give information about the missing bars. 
My Job: Use the FACTS. Draw the missing bars. 
Plan : Figure out the number of markers for Jan and Kyle. Then use the FACTS. 
1. Lily’s bar: Multiply Jan’s number of markers by 2. Draw Lily’s bar. 
2. Bob’s bar: Subtract 10 from Kyle’s number of markers. Draw Bob’s bar. 
3. Eric’s bar: Divide Lily’s number of markers by 2. Draw Eric’s bar. 
Solve : 


Jan Kyle Lily Bob Eric 
Student 


Check : Lily has 2 x 30, or 60 markers. 
Bob has 45 — 10, or 35 markers. 
Eric has 60 + 2, or 30 markers. 
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1. Use the FACTS and the bar graph. 


Draw the bars. 


PENS 


—_ —_— = 


Number of Pens 
ON BRDWOON & 


FACTS: 


1. Ella has 2 more pens than Abe. 
2. Dora has twice as many pens as Bea. 
3. Cal has half as many pens as Abe. 


2. Use the FACTS and the bar graph. 
Draw the bars. 


PENCILS 

8 

@ 

ra 

om 

° 

o 

2 

iS 

=, 

z 

Lisa Neil Mary Owen Patty 

Grade 

FACTS: 


1. Mary has 10 more pencils than Neil. 
2. Lisa has half as many pencils as Mary. 
3. Owen and Patty have 45 pencils altogether. 
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6.21 Missing Bars Extras 


Extras for Experts - Missing Bars — Interpret Bar Graphs and Reason Deductively 


Solutions 


SPORTS CARDS 


Number of Sports Cards 
[oe] 


Edna Frank George Helen Iris 
Student 


STICKERS 


140 
120 
100 
80 
60 
40 
20 


Number of Stickers 


oO 


Fred Gina Henry Ida _ Jenny 
Student 


1. Use the FACTS and the bar graph. 
Draw the bars. 
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SPORTS CARDS 


Number of Sports Cards 


Edna Frank George Helen Iris 
Student 


FACTS: 


1. Edna has half as many sports cards as Frank. 
2. Helen has 3 more sports cards than George. 
3. George has twice as many sports cards as Iris. 


2. Use the FACTS and the bar graph. 
Draw the bars. 


STICKERS 


140 
120 
100 


Number of Stickers 
3 


Fred Gina Henery Ida Jenny 
Student 


FACTS: 


1. Fred has twice as many stickers as Henry. 
2. Gina has half as many stickers as Ida. 
3. Jenny has 30 fewer stickers than Ida. 
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Chapter 7 


CK-12 Algebra Explorations, 
Grade 5 


7.1 Introduction 


This algebra module has been designed to develop grade 5 students’ understanding of ten key concepts of 
algebra and to enhance their problem solving skills. Each section begins with a brief description of the 
problem set and the concepts and skills developed. This is followed by the solutions to problems in the 
problem set. The first problem in each set is the “teaching problem.” It is completed following the five- 
step problem solving model and is designed to be used by teachers as the centerpiece of the instructional 
program. The teaching problem is followed by problems to be completed by the students working on their 
own. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 


Equality /Inequality: In this module, students gain greater understanding of equality as they learn about 
and apply the fundamental order of operations and the distributive property to determine the values of 
expressions that name the same number. Understanding and using the distributive property is key to 
working with polynomials in formal courses in algebra. 


Variables as unknowns: Variables may be letters, geometric shapes, or objects that stand for a number 
of things. When used to represent an unknown, the variable has only one value. For example, in the 
equation, t+ 5 = 7, the variable t is an unknown and it stands for the number 2. When tf is replaced with 
2 in the equation, the expression to the left of the equal symbol names the same number as the expression 
to the right of the equal symbol; 2+ 5 is another name for 7. Students solve for the values of unknowns in 
a variety of settings that model systems of equations. 


Variables as varying quantities: In some equations, variables can take on more than one value. For 
example, in the equation g = 2 +7, if the value of q is 5, then the value of r is 3. Or, if the value of r is 9, 
the value of q is 11. So, in this case g can be any number. However, once a value for g is chosen, then the 
value for r is fixed. Likewise, once a value for r is chosen, then the value of q is fixed. Variables as varying 
quantities appear in functions and formulas. In this module, students identify and write rules for one-step 
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(e.g., y = 2z) functions in words, and apply perimeter and area formulas to solve problems. 


Proportional Reasoning: A major method for solving algebraic problems is by reasoning proportionally. 
Proportional reasoning is sometimes called “multiplicative reasoning,” because it requires application of 
multiplication or its inverse, division. In this module, students reason proportionally when they determine 
better buys, use coupons for percent discounts, and interpret map scales to solve problems. 


Interpret Representations: Mathematical relationships can be displayed in a variety of ways including 
with text, tables, graphs, diagrams and symbols. Having students interpret these types of displays and use 
the data in the displays to solve problems is critical to success with the study of algebra. In this module, 
students interpret circle and arrow grid diagrams, weight scales, discount coupons and maps. 

Write Equations: Although an equation is a symbolic representation of a mathematical relationship, the 
writing of an equation is a key algebraic skill and one that requires separate attention and instruction. 
In this module, students learn to write equations using letters to represent weights of blocks pictured on 
scales. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction and that you encourage your students to 
follow the steps when solving the problems in this module and when relating their solution processes to 
others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant.” 


7.2 Solve for the Unknown 


Solve for the Unknown - Apply Order of Operations 
Teacher Notes 


Presented with an equation with one unknown, students follow the rule for the order of operations to solve 
for the value of the unknown. In all equations, unknowns are presented alone as one of the expressions of 
the equation. All computations are performed on the other expression. The operations to be performed are 
those in parentheses first, followed, from left to right, by multiplication and division, and then by addition 
and subtraction. 


Solutions 
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1. e=18 
2,.a= 
3.c=15 
4. b=19 
5.d=9 
(8+5)+2+4x6=a 
What’s the value of a? 
Describe: The equation has parentheses and three operations, addition, division, and 
multiplication. The variable is a. 
My Job: Do the operations to figure out the value of a. 
Plan: Follow the rule for the order of operations: parentheses first, then multiplication 
and division from left to right, and then addition and subtraction from left to right. 
Solve Equation (8+5)+2+4x6=a 
Parentheses 8+2+4x6=a 
Multiplication and 4+24=a 
Division (left to right) 
Addition and 28 =a 
Subtraction (left to right) 
Check : Replace a with its value in the equation. Check that the two expressions are the 
same. 


(8+5)+2+4x6 = 28 
8+2+4x6= 28 
4+ 24 = 28 

28 = 28 


Figure out the value of each variable. 
Follow the order of operations: 
Parenthesis first 

Multiplication and division (left to right) 
Addition and subtraction (left to right) 
1. 8-(8-1)+6x2=e 


3. 6X7+64+8=c 
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4. (10-2)+2+5x3=b 


7.3. Solve for the Unknown Extras 


Extra for Experts: Solve for the Unknown - Apply Order of Operations 
Figure out the value of each variable. 

Follow the order of operations: 

Parentheses first 

Multiplication and division, left to right 

Addition and subtraction, left to right 

1. 124+2x3+6+(7-4)=q 


q= 


2. 4x(6-2)+2x3=t 


5. 5x(7+3)+24+25=s 


sz 


Solutions 
1. g=16 
2. t=24 
3. g=10 
4. m=21 
5. s = 50 
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7.4 Distributive Property and Solving for Un- 


knowns 


Distributive Property and Solving for Unknowns - Apply the Distributive Property 


Teacher Notes 


Students apply the distributive property [ax (b+c) =axb+axc] and the rule for the order of operations 
to solve for the value of the unknown in each equation. In each problem, the unknown is in the parentheses. 


Students show the steps performed to identify the value of the unknown. 


Solutions 


ii, 


5 x (a+ 4) = 40 
5a + 20 = 40 
5a = 20 

a=4 


6 x (c+ 2) = 24 
6c +12 = 24 
6c = 12 

c=2 


3x (3 +d) = 36 
9 + 3d = 36 
3d = 27 

d=9 


2x(4+e)+7x4= 46 
8 + 2e + 28 = 46 

36 + 2e = 46 

2e = 10 

e=d 


3x (6+) = 30 


What’s the value of b? 
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Describe : The equation shows the variable b, and two operations. 
6+ b is in parentheses and is multiplied by 3. 
My Job: Do the operations to figure out the value of b. 
Plan : Apply the distributive property. Then solve for b. 
Solve : Apply the distributive property: 3x (6+b)=3x64+3xb 
Apply the order of operations: 3 x 6+ 3x b= 30 
18 + 3b = 30 
3b = 12 
b=4 
Check : Replace b with 4 in the equation. Check that the expressions name the 
same number. 
3x (6 +b) = 30 
3x (6+ 4) = 30 
3x 10= 30 
30 = 30 


Figure out the value of each variable. 
Show the steps. 
1. 5x(a+4) = 40 


4, 2x(4+e)+7x4=46 


7.5 Distributive Property and Solving for Un- 
knowns Extras 


Extra for Experts Distributive Property and Solving for Unknowns - Apply the Distributive 
Property 


Figure out the value of each variable. 
Show the steps. 
1. 622+3x(f4+2)=11 
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f= 


2. 37=3(m+6)+4(9-5) 


I 
3 


3. (8+2)+5x(g4+4) =32 
| ae 
4. 70=5x(9+1t)+4x (t+ 4) 


=f 

Solutions 

1. 622+3x(f4+2)=11 
1x(f+2)=11 
f+2=11 
f=9 

2. 37=3(m+6) +4(9-5) 
37 = 38m + 18+ 4(9-5) 
37 =3m+18+4x4 
37 = 3m+18+16 


37 = 3m + 34 
3 = 3m 
l=m 


3. (8+2)+5x(g+4) =32 
10+5x(g+4) = 32 
2x(g+4) = 32 
2g +8 = 32 
2g = 24 
g=12 

4. 70=5x(9+1t)+4x (t+ 4) 
70=5x9+5t+4t+4x4 
70 = 45 + 5¢+ 4t+ 16 


70 = 9t + 61 
9=9t 
1=t 


7.6 Circle Sums 


Circle Sums - Solve for Values of Unknowns 
Teacher Notes 


Circle Sums show three-by-three grids of circles that contain either letters that represent unknown quanti- 
ties or numbers. Arrows point to sums of rows and columns. For example, in Row 1, A+C+ B= 14, and 
in Column 1,A+A+B=17. Students use grid relationships to figure out the values of the letters. Each 
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grid contains three different letters and one number. Note: There is often more than one solution path. 


Solutions 
1.A=4, B 
2. A=6, B 
3. A=5, B 
4. A=7, B 


CoD Bw 
AAAYA 
a won 


The arrows point to the sum of each row or column. Figure out the value of each letter. 


Rows 2 


Describe 


My job 
Plan 


Solve 


Check 
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Columns 


A= ? 
B= ? 
CGH. ? 


Rows and columns contain numbers or letters. 

Arrows point to sums. 

There are three different letters. 

No rows or columns contain only one type of letter. 

Figure out the value of each letter, A, B, and C. 

Row 3: B+A+4= 16. Figure out the value of A + B. 

Column 1:A+A+B=17. 

Replace A + B with its sum to figure out the value of A. 

Then replace all A’s with that number and solve for other letters. 
Row 3: B+A+4=16.S0 B+A = 16-4, or 12. 

Column 1:A4+A+B= 17. Replace A+ B with 12. 

Then 12+ A=17 and A=17-12, or 5. 

Column 2: Replace A with 5. Then C+C+5=9,2C =9-5, or 4 and C =2. 
Column 3: Replace C with 2. Then B+ 2+ 4 = 13,and B = 13-6, or 7. 
A=5,B=7,C =2. 

Replace letters with their values. Check with the sums. 

Rows top to bottom: 5+ 2+ 7 = 14 Columns left to right:5+5+7=17 


5+2+2=9 2+2+5=9 
7+5+4=16 7+2+4=183 
320 


1. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Rows 2 


2. The arrows point to the sum of each row or column. Figure out the value of each letter. 


3. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


Columns 
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Columns 


A=? 
B= ? 
C= ? 


4. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


A=_? 
B= _? 
C= ? 


7.7 Circle Sums Extras 


Extras for Experts: Circle Sums - Solve for Values of Unknowns 


Solutions 
1A=7, B=8, C=5 
2. A=10, B=9, C=8 
3. A=9, B=6, C=7 
4.A=8, B=5, C=6 


1. The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Columns 


A= ? 
B= ? 
C=? 


2. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


A= ? 
B= ? 
G=. ? 


3. The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Columns 


A= ? 
B=? 
G= ? 


4. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


A= ? 
B= ? 
C= ? 


7.8 Hanging Scales 


Hanging Scales - Solve for Unknowns 
Teacher Notes 


Each problem shows three scales, their contents, and their weights. Students use the data provided in the 
display as clues to determine the weight of each block. All of the scales contain more than one type of 
block, so weights of blocks cannot be found directly. In all cases, all of the blocks on one of the scales are 
on a second scale. The second scale contains at least one other block. Students replace the set of blocks 
with their value in order to find the weight of the other block on the second scale. Once the value of one 
block is known, urge students to record its value on all blocks of that type on all scales. This will enable 
students to figure out the weights of the other blocks. Encourage students to check solutions by replacing 
each block with its weight and comparing the total weight with the scale indicator. 
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Solutions 


1. 


A 


:x+z=10; Bi:x+x+z=138; C:xt+y+y=15 


x 


D 


3, y=6, z=7 


xtxt+y=9; E:xt+x+y+y=14, F:xty+z=10 


2,y=5, z=3 


rytz=11; H:yt+tyt+z=14; I:x+x+z=16 


4, y=3, z=8 


:x+x+y+z=19; K:x+x+z24+72=22; L:xt+y+z=16 


3, y=5, 7=8 


§: Miy+y+2= 20; Ney+2= 14 Pra+24+2= 22 


6. 


x 


7, y=6, z=8 


O:x+z+z=17; R:x+x+y=25; S:x+ty+z+z=24 


s 


i ty 


x= _? pounds 


y =_? pounds 


z=_? pounds 


=" ae om a 
eA Scale B Scale C 


cal 
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Describe 


My Job 
Plan 


Solve 


Check 


There are three scales with blocks. 

A: one x and 2 y blocks. They weigh 14 pounds. 

B: one x and 3 y blocks. They weigh 18 pounds. 

C: one y and 2 z blocks. They weigh 14 pounds. 

All blocks on A are also on B. 

Use the scales as clues. Figure out the weights of the blocks. 
Write equations, one for each scale. 

A:x+tyt+ty=14; B:xt+y+tyt+y=18; C: yt+z+z=14. 
Solve the equations. 

A:x+y+y=14 

B:(x+y+y)+y= 18. Replace (x +y+y) with 14. 
14+y= 18, and 

y = 18-14, or 4 pounds. 

A: Replace y+ y with 4+ 4, or 8. 

x+8=14, and 

x = 14-8, or 6 pounds 

C:y+z+z= 14. Replace y with 4. Then 4+72+ z= 14. 
z+z=14-4, or 10. 

z= 10+ 2, or 5 pounds. 

Replace each block with its weight. Check that the total equals the 
number of pounds shown on the scales. 

A:64+4+4=14; B:64+4+44+4=18 C:44+545=14. 


Write equations. Figure out the weights of the blocks. 


— ; 
Scale A 
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Scale B 


x= ? pounds 


y =_?_ pounds 


z= _? pounds 


—_ 


ae een 
Scale C 
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Scale G 


Scale H 


Scale I 


Write equations. Figure out the weights of the blocks. 


Scale M 


Scale N 


Scale P 
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x= _? pounds 


y =_? pounds 


Z=_? pounds 


x= _? pounds 


y =_? pounds 


Z=_? pounds 


x= _? pounds 


y =_? pounds 


z= _? pounds 


x= _? pounds 


y =_? pounds 


z= _? pounds 
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= 
Scale R 


x= _? pounds 


y =_? pounds 


z= _? pounds 


7.9 Hanging Scales Extras 


Extras for Experts Hanging Scales - Solve for Unknowns 


Solutions 


1. :xt+z2+7= 24; B:x+x+z+2z2=30; C:x+y4+z= 20 


A 


:ytyt+z=21; E: 


:x+y+z2=20; A: 


:x+x+z=15; B: 


G: 


yt+z+z2=18; A: 


x 


yty+z+z=26; F:xtx+y+z=27 


x+yt+y+z=29; T:yt+ty+72+72= 24 


xty+z=17; C:x+y+z2+z= 24 


x+xt+y+z=30; F:x4+x+7z4+7z=34 


xtx+yty=28; Il:x+y+y=22 


Write equations. Figure out the weights of the blocks. 
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X=_? pounds 


y=_? pounds 


z= _? pounds 


x= _? pounds 


y=_? pounds 


z= _? pounds 


X= _? pounds 


y=_? pounds 


z= _? pounds 


Scale G Scale H Scale I 


Write equations. Figure out the weights of the blocks. 


X= _? pounds 
y=_? pounds 


z= _? pounds 


Scale B Scale C 


Scale A 
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X= _? pounds 


y= _? pounds 


z= _? pounds 


Scale F 


x= _? pounds 


y =_? pounds 


z= _? pounds 


7.10 XYZ 


XYZ - Solve Systems of Equations 
Teacher Notes 


Students are presented with three equations with three unknowns. All equations have more than one 
variable. In all cases, all variables in one equation are in a second equation. The second equation contains 
at least one other variable. Students learn to replace the set of variables with its value in order to find the 
value of the other variable in the second equation. Once the value of one variable is known, its value can 
be used to figure out the values of the other variables. Encourage students to check solutions by replacing 
variables with their values. 


Solutions 
1. x=4, y=7, z=6 
2.x=6, y=8, z=9 
3. x= 3, y=6, z=5 
4.x=5, y=4,z2=7 
5. x=9, y=5, z=8 
6. x=8 y=10, z=7 
7. x=12, y=9, z=11 
8. x=7, y=5, z=9 


Eric wrote these equations to represent pictures of scales with blocks. Figure out the value of each unknown. 


A:x+y=12 x= 
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B:x+x+y=19 
C:x+z=10 


Eric wrote these equations to represent pictures of scales with blocks. Figure out the value of each unknown. 


Eric wrote these equations to represent pictures of scales with blocks. Figure out the value of each unknown. 


Describe 


My Job 
Plan 


Solve 


Check 


1. y+z+z=19 
y+z=18 
x+y+y=18 

2. x+x+y= 20 
ytz+z= 26 
y+z=17 

3. x+z=8 
x+z2+z=13 
x+y+z=14 

4. x+z+z=19 
Yryre = 1a 
x+z=12 

do. x+ty+z=22 
x+z=17 
y+tz+z=21 

6. xty+z=25 
yt+z=17 
x+x+z= 23 

7. x+x+y=33 
x+z2+z2= 34 


— 


There are three equations. There are 3 unknowns. 

All equations have more than one unknown. 

Figure out the values of x,y, and z. 

All equations have more than one unknown. 

Equations A and B are related. In Equation A, x + y = 12 

That same x + y can be replaced by its value 12 in Equation B. 
Replace x + y with 12. Figure out the value of the extra x. 
Replace all x’s with that value in all equations and continue to solve for the 
other unknowns. 

A:x+y=12. 

B: Replace x + y with 12. x +12 = 19. 

So, x = 19-12, or 7. 

Replace all x’s with 7. 

C:7+z=10, soz=10-7, or 3. 

A:7+y=12, soy=12-7, or 5. 

7, y=5, z=3 

Replace each variable with its value. 

A:7+5=12; B:74+74+5=19; C:74+3=10. 


So x 


x= 


————— 


x= 


y= 
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xty=21 i 


8 yty+z+z=28 x= 
x+x+y=19 y= 
x+x+yty=24 z= 


7.11 XYZ Extras 


Extras for Experts XYZ - Solve Systems of Equations 


Solutions 
1. x=5, y=4, z=6 
2. x=5, y=9, z=6 
3. x=7, y=6, z=9 
4.x=8 y=7, z=6 


Eric wrote these equations to represent pictures of scales with blocks. Figure out the value of each unknown. 


lL yt+ty+z+z2= 20 x= 
xt+tx+ty=14 y= 
x+x+y+z= 20 i= 

2. xtxt+y+z=25 x= 
x+y+z= 20 z= 

3. xty+z+z=31 x= 
xty+tz=22 y= 
x+z= 16 Z= 

4. x+ty+z=21 cS 
x+x+y+z= 29 y= 
y+y+z= 20 Z= 


7.12 Rectangle Facts 


Rectangle Facts - Apply formulas 
Teacher Notes 


Each problem gives facts about the relationship between the length and the width of a rectangle, and its 
perimeter. Students use facts and the formula for the perimeter of a rectangle to determine the dimensions 


of the rectangle. Once the dimensions of the rectangle are determined, students figure out the area of the 
rectangle. 


Solutions 


. Length 10 inches, Width 2 inches, Area 20 square inches 
. Length 8 inches, Width 5 inches, Area 40 square inches 
. Length 9 inches, Width 5 inches, Area 45 square inches 
. Length 8 inches, Width 3 inches, Area 24 square inches 
. Length 12 inches, Width 4 inches, Area 48 square inches 
. Length 8 inches, Width 7 inches, Area 56 square inches 


oOorwnmr 
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Describe The length of the rectangle is 5 inches greater than its width. Its 
perimeter is 26 inches. 

My Job Use the facts about the rectangle. Figure out its length and width in 
inches. 
Then find the area of the rectangle 

Plan Draw a rectangle and label the sides c and d. Since the length is 
greater than the width, draw the rectangle to show this. 
Use the facts to figure out the values of c and d. 
Figure out the area. 

Solve From the facts the length 
is 5 more than c. 
So show the width as c. 
Show the length as c + 5. 
Perimeter: c +c+5+c+c+5= 26. 
So 4c + 10 = 26, and 4c = 26-10, or 16, and c = 4 inches. 
Then d=c+5, sod=4+5, or 9 inches. 
The area of Rectangle A is 4 x 9, or 36 square inches. 


CD 


Check P:44+94+4+9=26; A:4x9= 36 
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Facts about Rectangle B 
1. Its length is 8 inches greater than its width. 


2. Its perimeter is 24 inches. 


Length = inches 
Width = inches 
Area = square inches 
= a 
Facts about Rectangle C 
1. Its width is 3 inches less than its length. 
2. Its perimeter is 26 inches. 
Length = inches 
Width = inches 
Area = square inches 
oA 


Facts about Rectangle D 
1. Its width is 4 inches less than its length. 


2. Its perimeter is 28 inches. 


Length = inches 
Width = inches 
Area = square inches 


Facts about Rectangle E 
1. Its length is 5 inches greater than its width. 


2. Its perimeter is 22 inches. 


Length = inches 
Width = inches 
Area = square inches 
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Facts about Rectangle F 
1. Its length is 8 inches greater than its width. 


2. Its perimeter is 32 inches. 


Length = inches 
Width = inches 
Area = square inches 


Facts about Rectangle G 
1. Its width is 1 inch less than its length. 


2. Its perimeter is 30 inches. 


Length = inches 
Width = inches 
Area = square inches 


7.13 Rectangle Facts Extras 


Extras for Experts Rectangle Facts - Apply formulas 


Solutions 


Length 7 inches, Width 4 inches, Area 28 square inches 
Length 7 inches, Width 6 inches, Area 42 square inches 
Length 8 inches, Width 4 inches, Area 32 square inches 
Length 8 inches, Width 6 inches, Area 48 square inches 
Length 7 inches, Width 5 inches, Area 35 square inches 
Length 11 inches, Width 5 inches, Area 55 square inches 


See or 


Facts about Rectangle B 
1. Its length is 3 inches greater than its width. 


2. Its perimeter is 22 inches. 


Length = inches 
Width = inches 
Area = square inches 
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Facts about Rectangle C 
1. Its width is 1 inch less than its length. 


2. Its perimeter is 26 inches. 


Length = inches 
Width = inches 
Area = square inches 


Facts about Rectangle D 
1. Its width is 4 inches less than its length. 


2. Its perimeter is 24 inches. 


Length = inches 
Width = inches 
Area = square inches 


Facts about Rectangle E 
1. Its length is 2 inches greater than its width. 


2. Its perimeter is 28 inches. 


Length = inches 
Width = inches 
Area = square inches 


Facts about Rectangle F 
1. Its length is 2 inches greater than its width. 


2. Its perimeter is 24 inches. 


Length = inches 
Width = inches 
Area = square inches 
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Facts about Rectangle G 


1. Its width is 6 inches less than its length. 


2. Its perimeter is 32 inches. 


Length = inches 
Width = inches 


Area = square inches 


7.14 Growing Patterns 


Growing Patterns - Patterns and Functions 
Teacher Notes 


Growing Patterns require students to analyze the first 3 or 4 figures of a pattern, identify relationships 
between the pattern number and the number of items, describe the 10” figure, and write the rule that 
relates the pattern number and the number of items. Encourage students to make a table to organize their 
data. The table will help them to observe the relationship and write the rule. 


Solutions 
1. 12 circles in Figure 10. 


Rule: Number of circles is 2 more than the Figure Number. 


Figure Number of 
Number — Circles 


2. 14 tiles in Figure 10. 


Rule: Number of Tiles is 4 more than the Figure Number. 
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Figure Number of 
Number _ Tiles 


3. 11 circles in Figure 10. 


Rule: Number of Circles is 1 more than the Figure Number. 


Figure Number of 
Number Circles 


4. 13 trapezoids in Figure 10. 
Rule: Number of Trapezoids is 3 more than the Figure Number. 


Figure Number of 
Number _ Trapezoids 


5. 20 circles in Figure 10. 
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Rule: Number of Circles is the Figure Number plus the Figure Number, or 2 times the Figure Number. 


Figure Number of 
Number — Circles 


6. 30 purple tiles in Figure 10. 
Rule: Number of Purple Tiles is 3 times the Figure Number. 


Figure Number of 
Number Purple Tiles 


7. 20 checkered tiles in Figure 10. 
Rule: Number of Checkered Tiles is 2 times the Figure Number. 
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Figure Number of 
Number Checkered 


8. 50 tiles in Figure 10. 


Rule: Number of Square Tiles is 5 times the Figure Number. 


Figure Number of 
Number _ Tiles 


9. The perimeter of Figure 10 is 30 units. 


Rule: Perimeter in Number of Units is 3 times the Figure Number. 


Figure Perimeter 
Number _ in Units 
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10. The perimeter of Figure 10 is 40 units. 


Rule: Perimeter in Number of Units is 4 times the Figure Number. 


Figure Perimeter 
Number _ in Units 


Figure 1 Figure 2 Figure 3 


How many square tiles are in Figure 10? 


What is the rule that shows how the Number of Tiles is related to the Figure Number? 


Describe : Each figure is made of square tiles. 
Figure 1 has 8 tiles. 
Figure 2 has 9 tiles. 
Figure 3 has 10 tiles. 
The number of square tiles changes only on the left side of the figure. 
My Job: Determine the number of tiles in Figure 10. Write the rule. 
Plan : Collect information in a table. Look for the relationship between the Figure 
Number and the Number of Tiles 


Solve : 
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Figure Number of 
Number Tiles 


Check : 
Figure 1: 1+ 7 =8 tiles 
Figure 2: 2+7=9 tiles 
Figure 3: 3+7 = 10 tiles 


Figure 10: 10+ 7=17 tiles 


Rule: Number of Tiles is 7 more than the Figure Number. 


Figure 1 Figure 2 Figure 3 Figure 4 


How many circles are in Figure 10? 


What is the rule that shows how the Number of Circles is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


How many tiles are in Figure 10? 


What is the rule that shows how the Number of Square Tiles 
is related to the Figure Number? 
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ee ess 8888 


Figure 1 Figure 2 Figure 3 
How many circles are in Figure 10? 


What is the rule that shows how the Number of Circles 
is related to the Figure Number? 


trapezoid 


Figure 1 Figure 2 Figure 3 


How many Trapezoids are in Figure 10? 


What is the rule that shows how the Number of trapezoids 
is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


How many circles are in Figure 10? 


What is the rule that shows how the Number of Circles is related to the Figure Number? 
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oo 


Figure 1 Figure 2 Figure 3 


How many purple tiles are in Figure 10? 


What is the rule that shows how the Number of Purple Tiles is related to the Figure Number? 


wt Lyd Oy 


Figure 1 Figure 2 Figure 3 


How many checkered tiles are in Figure 10? 


What is the rule that shows how the Number of Checkered Tiles 
is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


How many square tiles are in Figure 10? 


What is the rule that shows how the Number of Square Tiles is related to the Figure Number? 
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The side of each small triangle is 1 unit. 


7 unit 


Figure 1 Figure 2 Figure 3 


What is the perimeter of Figure 10 in units? What is the rule that shows how the 
Perimeter in Number of Units is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


What is the perimeter of Figure 10? 


What is the rule that shows how the Perimeter in Number of Units is related 
to the Figure Number? 


7.15 Growing Patterns Extras 


Extras for Experts Growing Patterns - Patterns and Functions 


wn ua ahs ah 


Figure 1 Figure 2 Figure 3 Figure 4 


How many tiles in Figure 10? 


What is the rule that shows how the Number of Square Tiles is related to the Figure Number? 
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ee ome @oe @oe 
Ome) G@ode eee eee 
Gooe CO Ome) eee 9eo0e 


Figure 1 Figure 2 Figure 3 Figure 4 
How many circles in Figure 10? 


What is the rule that shows how the Number of Circles is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


There are 3 flowers in Figure 1. 


How many flowers in Figure 10? 


What is the rule that shows how the Number of Flowers is related to the Figure Number? 


A 
Val 
4@> 
PyA 

A A 
Vaal Val 
> > 
PyA PyA 

Figure 1 Figure 2 Figure 3 


There are 8 triangles in Figure 1. 


How many triangles in Figure 10? 


What is the rule that shows how the Number of Triangles is related to the Figure Number? 
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¢e %? XH 
> O& o* 


Figure 1 Figure 2 Figure 3 


There are 4 square tiles in Figure 1. How many square tiles are in Figure 10? 


What is the rule that shows how the Number of Square Tiles is related to the Figure Number? 


Figure 1 Figure 2 Figure 3 


How many square tiles in Figure 10? 

What is the rule that shows how the Number of Square Tiles is related to the Figure Number? 
Solutions 

1. 12 tiles in Figure 10. 


Rule: Number of Square Tiles is 2 more than the Figure Number. 


Figure Number of 
Number Circles 


2. 16 circles in Figure 10. 


Rule: Number of Circles is 6 more than the Figure Number. 
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Figure Number of 
Number — Circles 


3. 30 flowers in Figure 10. 


Rule: Number of flowers is 3 times the Figure Number. 


Figure Number of 
Number Flowers 


4. 80 triangles in Figure 10. 


Rule: Number of triangles is 8 times the Figure Number. 


Figure Number of 
Number _ Triangles 


5. 40 square tiles in Figure 10. 
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Rule: Number of Triangles is 4 times the Figure Number. 


Figure Number of 
Number Square Tiles 


6. 100 tiles in Figure 10. 


Rule: Number of Square Tiles is the Figure Number times itself. 


Figure Number of 
Number Square Tiles 


7.16 Smart Shopping 


Smart Shopping - Reason Proportionally Using Least Common Multiples 


Teacher Notes 


Smart Shopping shows prices for the same item from two different stores. To determine the better buy, 
students equate the number of items in order to compare prices. To accomplish this, they 1) identify the 
least common multiple of number of items, 2) the prices for those numbers of items, and 3) and compare 


prices to determine the better buy. 
Solutions 


1. Least common multiple of 3 and 4 is 12. 
Brown’s Books has the better buy. 


Brown: 3 for $5 is 
12 for 4x $5 or $20 


349 


www.ck12.org 


Noble: 4 for $7 is 
12 for 3 x $7, or $21 
$20 < $21 


2. Least common multiple of 2 and 5 is 10. 
Brown’s Books has the better buy. 


Brown: 2 for $11 is 
10 for 5x $11, or $55 
Noble: 5 for $31 is 
10 for 2 x $31, or $62 
$55 < $62 


3. Least common multiple of 5 and 3 is 15. 
Noble Books has the better buy. 


Brown: 5 for $59 is 
15 for 3x $59, or $177 
Noble: 3 for $34 is 
15 for 5 x $34, or $170 
$177 > $170 


Shang, 
whites, 

bs be 
ceegsee | 


Which store has the better buy for calendars? 
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Describe : At Brown’s Books, 2 calendars are $17. At Noble Books, 3 calendars are $23. 
Plan: First, figure out the least common multiple of the number of calendars, 2 and 3. 
Second, figure out the price for that number of calendars at each store. Last, 


compare prices. 


Solve : The least common multiple of 2 and 3 is 6. 
Brown’s: Noble: 
2 for $17 is 3 for $23 is 
(3 x 2) for (3x $17), or (2 x 3) for (2 x $23), or 
6 for $51 6 for $46 
$46 < $51 
Noble Books has the better buy. 
Check : Brown: 2 for $17 is $17 + $17 + $17 or $51 for 6 calendars 
Noble: 3 for $23 is $23 + $23 or $46 for 6 calendars 
$46 < $51 


What is the least common multiple of 3 and 4? 


Which store has the better buy? How did you figure it out? 


What is the least common multiple of 2 and 5? 


Which store has the better buy? How did you figure it out? 
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What is the least common multiple of 5 and 3? 


Which store has the better buy? How did you figure it out? 


7.17 Smart Shopping Extras 


Extra for Experts — Smart Shopping - Reason Proportionally Using Least Common Multiples 
Solutions 


1. Least common multiple of 4 and 5 is 20. 
Noble’s Books has the better buy. 


Brown: 4 for $19 is 
20 for 5x $19, or $95 
Noble: 5 for $23 is 
20 for 4 x $23, or $92 
$95 > $92 


2. Least common multiple of 2 and 4 is 4. 
Brown’s Books has the better buy. 


Brown: 2 for $25 is 

4 for 2 x $25, or $50 
Noble: 4 for $51 

$50 < $51 


3. Least common multiple of 4 and 6 is 12. 
Noble’s Books has the better buy. 


Brown: 4 for $37 is 
12 for 3 x 37, or $111 
Noble: 6 for $49 is 
12 for 2x $49, or $98 
$111 > $98 
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What is the least common multiple of 4 and 5? Which store has the better buy? How did 
you figure it out? 


| THe THe 
| BOOK® Book} 


| RECORDS RECORDS 


What is the least common multiple of 2 and 4? Which store has the better buy? How did 
you figure it out? 


What is the least common multiple of 4 and 6? Which store has the better buy? How did 
you figure it out? 


7.18 Save More 


Save More - Reason Proportionally with Percents 
Teacher Notes 


Students are presented with prices of sets of items at two different stores, and a coupon that can be applied 
to the purchase at both stores. To determine the better buy, students first reason proportionally to figure 
out the costs of the items at each store. Then, they apply the coupon in order to determine the discounted 
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cost, and compare those costs to figure out the savings. 


To determine the total cost after applying the coupon, students may use either a one- or two-step process. 
On the teaching page, we use the one-step process in the Solve step and the two-step process in the Check 
step. For example, if an item is discounted 10%, then its new price is 90% of the original price. So, 
multiplying the original price by 0.9 will give the discounted price using one computational step. For the 
two-step method, the discount is taken first (10% of the original price is the discount). For the second 
step, the amount of the discount is subtracted from the original price to get the discounted price. 


Solutions 


1. Gem’s; $.90 less 
ABC’s: 1 comb is $15 +5, or $3 
With the coupon the cost is 0.9 x $3, or $2.70 
Gem’s: 1 comb is $12 + 6, or $2 
With the coupon the cost is 0.9 x $2, or $1.80 
$2.70 — $1.80 = $0.90 


2. ABC’s; $2.80 less 
ABC’s: 6 boxes for $12 is 1 box for $2. 
4 x $2 is $8 for 4 boxes 
With the coupon the cost is 0.7 x $8, or $5.60 
Gem’s: 4 boxes is half of $24, or $12 
With the coupon the cost is 0.7 x $12, or $8.40 
$8.40 — $5.60 = $2.80 


3. ABC’s; $1.60 less 
ABC’s: 4 boxes for $12 is 2 boxes for $6 
With the coupon, the cost is 0.8 x $6 or $4.80 
Gem’s: 6 boxes for $24 is 2 boxes for $8 
With the coupon, the cost is 0.8 x 8, or $6.40 
$6.40 — $4.80 = $1.60 


ABC’s Gem’s 


VLA 


SSSS | | SSSSS 
Tubes of Toothpaste Tubes of Toothpaste 
4 for $6 10 for $16 


Buy 2 tubes of toothpaste. Use the coupon. Which store has the better buy? How much less is the cost 
at that store? 
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Describe : 


My Job: 


Plan : 


Solve: 


Check : 


Two store signs show the cost for tubes of toothpaste. The coupon gives 
20% off the price. 

Figure out the store that has the better buy for 2 tubes of toothpaste after 
using the coupon. Then figure out the difference in cost. 

Figure out the cost of 2 tubes of toothpaste ABC’s. Take 20% off of each. 
Do the same at Gem’s. Subtract to find the difference. 

ABC’s: 4 tubes are $6 so 2 tubes are half the price or $3. 


1 
Gem’s: 10 tubes are $16 so 2 tubes are 7 of 16, or $16 + 5, or $3.20. 


Using the coupon at ABC’s, 20% off means the cost after the coupon is 
80% of $3.00, or 0.8 x 3 = $2.40. 

Using the coupon at Gem’s, 20% off means the price after the coupon is 
80% of $3.20 or 0.8 x 3.20 = $2.56. 

$2.56 — $2.40 = $0.16 

The cost is $0.16 less at ABC’s. 

At ABC’s 2 tubes are $3.00 and 20% off of $3.00 is $0.60. The cost after 
using the coupon is $3.00 — $0.60, or $2.40. 

At Gem’s 2 tubes are $3.20 and 20% off of $3.20 is $0.64. The cost after 
using the coupon is $3.20 — $0.64, or $2.56. $2.56 — $2.40 = $0.16. 


pvoupon. 


Couwjmon 


Buy 4 boxes of band aids. Use the coupon. Which store has the better buy? How much less is the cost at 


that store? 


399 www.ck12.org 


ABC's f Gem’s 


ey Ney Peay Nay eey 
Frey Ney Reap Seay Seay 


Boxes of Tissue Boxes of Tissue 
4 for $12 J \ 6 for $24 


Buy 2 boxes of tissue. Use the coupon. Which store has the better buy? How much less is the cost at that 
store 


7.19 Save More Extras 


Extra for Experts — Save More - Reason Proportionally with Percents 


ABC’s ( Gem’s 
Toothbrush Toothbrush 
3 for $5.25 4 for $6.00 


< 


Buy 2 toothbrushes. Use the coupon. Which store has the better buy? How much less is the cost at that 
store? 


ABC's f Gane | 


poppe) BEE!) pCoupon 
sees) Eggo sjauoms 
Bars of Soap Bars of Soap 
8 for $7.20 | 


\ 10 for $10 


Buy 4 bars of soap. Use the coupon. Which store has the better buy? How much less is the cost at that 
store? 


ABC’s ( Gem’s 


@a2666 2202666 
Shampoo Shampoo 
\ 5 bottles for $12.50 \ 6 bottles for $14.40 


Buy 4 bottles of shampoo. Use the coupon. Which store has the better buy? How much less is the cost at 
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that store? 


Solutions 


1. 


Gem’s; $0.25 less 

ABC’s: 1 toothbrush is $5.25 + 3, or $1.75, so 2 toothbrushes are $3.50 
With the coupon, they are 0.5 x $3.50, or $1.75 

Gem’s: 2 toothbrushes is half of $6.00, or $3.00 

With the coupon they are 0.5 x $3.00, or $1.50 

$1.75 — $1.50 = $0.25 


2. ABC’s; $0.28 less 
ABC’s: 4 bars of soap are $ of $7.20, or $3.60 
With the coupon, they are 0.7 x $3.60, or $2.52 
Gem’s: 10 bars for $10 is $1 for one bar and $4 for 4 bars 
With the coupon they are 0.7 x $4.00, or $2.80 
$2.80 — $2.52 = $0.28 
3. Gem’s; $0.24 less 


ABC’s: One bottle is $12.50 +5, or $2.50, so 4 bottles is 4 x $2.50, or $10 
With the coupon, the bottles are 0.6 x $10, or $6.00 

Gem’s: One bottle is $14.40 + 6, or $2.40, so 4 bottles 4 x $2.40, or $9.60 
With the coupon, the bottles are 0.6 x $9.60, or $5.76 


$6.00 — $5.76 = $0.24 


7.20 Map Quest 


Map Quest - Reason Proportionally with Maps 


Teacher Notes 


Mapquest shows scale drawings of maps with keys and facts for identifying cities on the map. Students 
use the key and reason proportionally to determine actual distances between cities. They use the facts and 
reason deductively to identify the cities. All keys show number of miles for one inch. Distances between 


cities on the map are in whole or half inches. 
Solutions 
Map Quest 1 
A is Houston 
B is Coventry 
C is Winston 
D is Crowville 
E is Browning 
F is Dallas 
Map Quest 2 
A is Portland 
B is Ellsworth 
C is Granada 
D is Felton 


357 
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E is Dayton 
F is Simpson 
Map Quest 3 
A is Sanford 
B is Tulsa 

C is Eckard 
D is Adams 
E is Hoosier 
F is Bandoff 
Map Quest 4 
A is Bedford 
B is Sample 
C is Readville 
D is Antonville 
E is Carlton 
F is Diablo 


A B C 


Key 
1 inch stands 
for 40 miles 


E D 


Use your ruler and the key to figure out distances between cities. 

Use the facts to name the cities. 

Fact 1: Hilton to Time is 20 miles. 

Fact 2: Time to North Shore by way of Hilton is 80 miles. 

Fact 3: Westway to North Shore is 20 miles less than Westway to Raleigh. 
Fact 4: Time to Pepper is 20 miles longer than Pepper to Edmonton. 
Fact 5: Edmonton is 80 miles from Raleigh. 

Ais 
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B is 


C is 

D is 

E is 

F is 
Describe: |The map shows 7 cities. One is Hilton. The key shows that one inch stands for 

40 miles. The facts give information about location and distances between cities. 

My Job: Use the facts. Name the cities. 
Plan : Measure distances in inches. Use the key to figure out actual distances. Use the 


facts to name the cities. 
Solve: Fact 1: F is Time 
Fact 2: E is North Shore 
Fact 3: D is Westway 
Fact 4: A is Pepper and B is Edmonton 
Fact 5: C is Raleigh 


1 
Check : Fact 1: Hilton to Time is 5 inch or 20 miles. 


Fact 2: Time to North Shore by way of Hilton is 2 inches, or 2 x 40, or 80 miles. 
Fact 3: Westway to North Shore is 2 inches, or 2 x 40, or 80 miles. 


1 1 
Westway to Raleigh is 2 5 inches or, 2 5 x 40, or 100 miles. 


100 — 80 = 20 miles 
Fact 4: Time to Pepper is 1 inch, or 40 miles. 


1 
Pepper to Edmonton is 9 inch, or 20 miles. 


40 — 20 = 20 miles 
Fact 5: Edmonton to Raleigh is 2 inches, or 2 x 40, or 80 miles. 


Map Quest 1 


A B Cc D 


Key 


1 inch stands 
for 50 miles 


Girard 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Girard to Browning by way of Dallas is 125 miles. 

Fact 2: Girard to Dallas is the same distance as Crowville to Browning. 


Fact 3: Houston to Coventry is 75 miles less than Browning to Girard. 
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Fact 4: Coventry to Winston is 100 miles. 
Ais 

B is 

C is 

D is 

E is 

F is 

Map Quest 2 


Surrey B 


fo 


Key 
1 inch stands 


for 100 miles 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Portland to Ellsworth by way of Surrey is 400 miles. 
Fact 2: Surrey is 250 miles from Ellsworth. 

Fact 3: Felton to Dayton is 50 miles less than Felton to Granada. 
Fact 4: Simpson to Dayton round trip is 200 miles. 

Ais 

B is 

C is 

D is 

E is 

F is 

Map Quest 3 
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Key 
1 inch stands 
for 70 miles 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Regis to Hoosier round trip is 70 miles less than the round trip from Regis to Bandoff. 
Fact 2: Sandford to Tulsa is the same distance as Eckard to Tulsa. 
Fact 3: Eckard to Adams is 35 miles more than Adams to Hoosier. 
Ais 

Bis 

C is 

D is 

E is 

F is 

Map Quest 4 


A 


Key 
1 inch stands 


for 30 miles 


y 
’ Telegraph 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Sample to Telegraph to Antonville is 180 miles. 
Fact 2: Sample to Readville round trip is 100 miles. 


Fact 3: Readville is 60 miles from Antonville. 
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Fact 4: Diablo to Carlton is 15 miles less than Diablo to Bedford. 
Fact 5: Bedford to Sample to Readville is 60 miles. 

A is 

B is 

C is 

D is 

E is 

F is 


7.21 Map Quest Extras 


Extra for Experts — Map Quest - Reason Proportionally with Maps 
Solutions 

Map Quest 1 

A is Tempe 

B is Superstition 
C is Yerba 

D is Brio 

E is Danyo 

F is Littleton 
Map Quest 2 

A is Wentworth 
B is Carlton 

C is Leopold 

D is Halland 

E is New Bertson 
F is Trenton 
Map Quest 3 

A is Grinder 

B is Hartman 

C is Ringville 

D is Snake City 
E is Briarwood 
F is Riverwalk 
Map Quest 4 

A is Reston 

B is Franklin 
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C is Nicksville 
D is Ballard 
E is Whitton 
F is Exeter 


Map Quest 1 


A 


Key 
1 inch stands 


for 60 miles Brickyard 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Brickyard to Yerba is 300 miles 

Fact 2: Yerba to Brio is the same distance as Yerba to Tempe. 
Fact 3: Superstition is 30 miles closer to Tempe than to Yerba. 
Fact 4: Brickyard to Danyo is 90 miles. 

Fact 5: Littleton is 30 miles from Danyo. 

Ais 

Bis 

C is 

D is 

E is 

F is 

Map Quest 2 


A 
Key 


1 inch stands 
for 20 miles 


Storrs 


F E 


Measure distances between cities. 
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Use the key and the facts to name the cities. 

Fact 1: Trenton to Storrs is 20 miles more than Storrs to Wentworth. 
Fact 2: Wentworth to Storrs is 20 miles. 

Fact 3: Storrs to Leopold round trip is 120 miles 

Fact 4: New Bertson to Leopold to Carlton is 70 miles. 

Fact 5: Halland to Leopold is 10 miles more than Leopold to Carlton. 
A is 

B is 

C is 

D is 

E is 

F is 

Map Quest 3 


Key 
7 2 c 1 inch stands 


for 90 miles 


F Sienna E 


Use your ruler and the key to figure out distances between cities. 
Use the facts to name the cities. 

Fact 1: Grinder to Riverwalk to Sienna is 225 miles 

Fact 2: Sienna to Riverwalk round trip is 270 miles 

Fact 3: Hartman to Grinder is 180 miles. 

Fact 4: Snake City to Sienna is the same distance as Sienna to Briarwood. 
Fact 5: Ringville to Hartman is 45 miles. 

A is 

B is 

C is 

D is 

E is 

F is 

Map Quest 4 
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Key 
1 inch stands 


for 80 miles 


Calder D 


Measure distances between cities. 

Use the key and the facts to name the cities. 

Fact 1: Calder to Whitton to Ballard is 360 miles. 
Fact 2: Ballard roundtrip to Nicksville is 400 miles. 
Fact 3: Calder to Exeter is 40 miles more than Exeter to Reston. 
Fact 4: Reston to Franklin is 240 miles. 

Fact 5: Nicksville to Franklin is 120 miles. 

Ais 

B is 

C is 

D is 

E is 

F is 
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Chapter 8 


CK-12 Algebra Explorations, 
Grade 6 


8.1 Introduction 


This algebra module has been designed to develop grade 6 students’ understanding of ten key algebraic 
concepts and to enhance their problem solving skills. Each section begins with a brief description of the 
problem set and of the concepts and skills that will be developed. This is followed by the solutions to 
the problems in the problem set. The first problem in each set is the “teaching problem.” It is completed 
following the five-step problem solving model and is designed to be used by teachers as the centerpiece 
of the instructional program. The teaching problem is followed by problems that are to be completed by 
students working on their own. 


This module may be used as an algebra unit to complement the existing instructional program. It also may 
be used to show connections between algebra, strands of number, and measurement, to provide practice of 
number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts problem sets provide additional opportunities for students to apply newly learned 
concepts and skills toward solving problems similar to those developed in this algebra module. 


The Key Algebraic Concepts 


Equality /Inequality: In this module, students gain greater understanding of equality as they learn 
about and apply the fundamental order of operations, which include exponentiations and the distributive 
property, to determine the values of expressions that name the same number. Understanding and using 
the distributive property is the key to working with polynomials in formal courses in algebra. 


Variables as Unknowns: Variables may be letters, geometric shapes, or objects that stand for a number 
of things. When used to represent an unknown, the variable has only one value. For example, in the 
equation, t+ 5 = 7, the variable t is an unknown and it stands for the number 2. When tf is replaced with 
2 in the equation, the expression to the left of the equal symbol names the same number as the expression 
to the right of the equal symbol; 2+ 5 is another name for 7. Students solve for the values of unknowns in 
a variety of settings that model systems of equations, including letter grids and hanging scales. 


Variables as Varying Quantities: In some equations, variables can take on more than one value. For 
example, in the equation g = 2 +7, if the value of q is 5, then the value of r is 3. Or, if the value of r is 9, 
the value of q is 11. So, in this case g can be any number. However, once a value for g is chosen, then the 
value for r is fixed. Likewise, once a value for r is chosen, then the value of q is fixed. Variables as varying 
quantities appear in functions and formulas. In this module, students identify and write rules for two-step 
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(e.g., y = 2z + 4) functions in words, and apply perimeter and area formula to solve problems. 


Proportional Reasoning: A major method for solving algebraic problems is by reasoning proportionally. 
Proportional reasoning is sometimes called “multiplicative reasoning,” because it requires application of 
multiplication or its inverse, division. In this module, students reason proportionally when they determine 
weights of coins in grams. 


Interpret Representations: Mathematical relationships can be displayed in a variety of ways including 
with text, tables, graphs, diagrams and symbols. Having students interpret these types of displays and use 
the data in the displays to solve problems is critical to success with the study of algebra. In this module, 
students interpret circle and arrow grid diagrams, weight scales, and line graphs. 


Write Equations: Although an equation is a symbolic representation of a mathematical relationship, 
the writing of an equation is a key algebraic skill that requires separate attention and instruction. In this 
module, students write systems of equations using letters to represent weights of blocks pictured on scales, 
purchases of items, number of shapes in patterns, and distance/time relationships. 

The Problem Solving Five-Step Model 

The model that we recommend to help students move through the problem solving process has five steps: 
Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them explain what they have to do; that is, rephrase 
the problem in their own words. 


Plan requires identification of the steps needed to solve the problem and helps students focus on the first 
step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction and that you encourage your students to 
follow the steps when solving the problems in this module and when relating their solution processes to 
others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant.” 


8.2 What’s the Value 


What’s the Value? — Solve for Unknowns 
Teacher Notes 


To solve for values of unknowns in equations, students perform all computations following the order of 
operations: operations in parentheses first, followed by exponents, then multiplication and division from 
left to right, and then addition and subtraction from left to right. Operations within parentheses follow 
the standard order, as well. Encourage students to replace the variable with its value and check to be sure 
that the two expressions (to the left and to the right of the = symbol) name the same number. 


Solutions: 
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1 b4+2x3x27+3=2(54+6)-2 
b4+2xK3xK22+3=2x 11-2 
b+2xX3x4+3=2x11-2 
b+ 8=22=2 
b+8=20 
b=20-8 
b= 12 


2. 10?-6(4+6)-3?-3x4-1=d+50+5? 
10? —6%10=37 =3%4-1=d+50=52 
100 -6x10-9-3x4-1=d+4+50+25 
100 -60-9-12-1=d+42 


18=d+2 
18-2=d 
1l6=d 


3. 4(9-5)+h+3?-234+4'=37x3-2x3 
Axdth+ 3?-2 4 4'=37x8-29x3 
4x44+h+9-84+4=9x3-2x3 
16+h+9-84+4=27-6 


h+21=21 
h=21-21 
h=0 


4, 24+57+5x1+0x 34 = 2y-7(4-3) 
24+ 67=5x1+0x34=2y—7x%1 
2+25+5x1+0x34=2y-7x1 
2+54+0=2y-7 
7=2y-7 
T+7=2y 
14 = 2y 
7=y 


What’s the Value? — Solve for Unknowns 


6x3°+2+4244(7-3)4+29+4=37x6+41 


What is the value of z? 
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Describe : The equation has parentheses, exponents, multiplication, division, and addition. 


z is the variable. 


My Job: Apply the order of operations rule to figure out the value of z. 
Solve : 6x 32+247244(7-3)4+2°+4=3?x641 
Parenthesis 6x37+24+724+4x44+29+4=3?x64+1 
Exponents 6x9+24+7+4x44+8+4=9x64+1 
Multiplication / 27+z+164+2=54+1 
Division 
(left to right) 
Addition 45 + z= 55 
(left to right) z= 55-45 
z=10 
Check : Replace z with 10 in the equation. Check that the two expressions 


(to the right and to the left of the = symbol) name the same number. 
6x 37+24104+4(7-3)4+2°+4=3?x641 
6x37+2+10+4x44+29=4=3?x6+1 
6x9+2+104+4x4+8+4=9x641 

27+10+164+2=5441 

55 = 55 


Follow the order of operations. Show each step. 
What is the value of the variable? 
1. b+2x3x27+3=2(5+6)-2 


—_ 


2. 10?-6(4+6)-32-3x4-l=d+50+5? 


a= 


3. 4(9-5)+h+3?-23 441 =37x3-2x3 


369 www.ck12.org 


pe 


4. 24+57+5x14+0x 34 = 2y-7(4-3) 


tas 
Extra for Experts: What’s the Value? — Solve for Unknowns 
Follow the order of operations. Show each step. 
What is the value of the variable? 
1. 2a+5(9-8) x2? = 2? x 3742 


a= 


2. 97-8?-164 43 +2? =e(5+2)-1 


e= 


3. Im+3x9+33+4(8-3)=77-3x6 


m= 


4, 77+7x (52-17) -(2x6) = 41-2?x5 


l= 
Solutions: 


1. 2a+5(9-8) x2? =2?x 3742 
144-5 KR 2? =O" e387 +9 
2a+5x1x4=4x94+2 
2a + 20 = 3642 
2a + 20 = 38 
2a = 38 — 20 
2a= 18 
a=9 
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2. 97-8?-164 43 +2? =e(542)-1 
OF 97 164.49 +2 Hew =1 
81-64-16+64+4=7e-1 


69 = 7e-1 
69 +1 = Te 
70 = Te 
10=e 


3. 2m+3x9+33+4(8-3) =77-3x6 
2m+3x9+32+4x5=77-3x6 
2m+3x9+27+4x5=49-3x6 
Im+1+20=49-18 


2m+21=31 
2m = 31-21 
2m = 10 
m=d 


4, 77+7x(5?-17)-(2x6) =41-2?x5 
77 +7 (25-17) — (2x6) =41-2?x5 
7=+7x8-12=41-2?x5 
49+7x8-12=41-4x5 
56 - 12 = 41-20 


44 = 41 — 20 
44+ 20 = 41 
64 = 4l 
16=1 


8.3. Solve for Unknowns 


Solve for Unknowns — Apply the Distributive Property 
Teacher Notes 


To solve for values of unknowns in equations, students perform all computations following the order of 
operations: operations in parentheses first, followed by exponentiation, multiplication and division left to 
right, then addition and subtraction left to right. When the variable is in parentheses, students must apply 
the distributive property of multiplication over addition: ax (b+c) =axb+axc. Encourage students to 
check by replacing the variable in the equation with its value, perform the computations, and verify that 
the two expressions (to the left and to the right of the = symbol) name the same number. 


Solutions: 

1 (345)? +2-2=2b+ 4? 
§729-9=2p+4 42 
64+2-2=2b4+16 
32-2=2b+16 


30 = 2b+ 16 
30 — 16 = 2b 
14 = 2b 
7=b 
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2. 4(c+2)+2=2x5? 
Ac+84+2=2x5? 
4c+8+2=2x 25 
4c+8+2=50 
4c +10 = 50 
4c = 50-10 
Ac = 40 
c=10 


3. 2+ (16-4) +3+d+2d=97+9x2 
24+12+3+d+2d=97+9x2 
2+12+3+d+2d=81+9x2 
2+4+d+2d=18 
6+ 3d =18 
3d = 18-6 
3a= 12 
a=A 


4. 61-(9-6)?=5(2+ f)-3! 
61-3? =5x2+5f-3! 
61-9=5x2+5f-3 
61-9=10+4+5f-3 
s=5f +7 


Solve for Unknowns — Apply the Distributive Property 


4x14+6(a-1)-9-27=243? 


What is the value of a? 
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Describe: The a-—1 is in parentheses and is multiplied by 6. The 2 has an exponent of 3, and 
the 3 has an exponent of 2. The other operations shown are multiplication, 


addition, and subtraction. 


My Job: Apply the distributive property and do the order of operations in order to solve for 
the value of a. 
Solve : 4x1+6(a-1)-9-2% =2+3? 
Distributive 4x1+6a-6-9-22 =2+43? 
property 
Exponents 4x1+6a-6-9-8=2+9 
Multiplication / 4+6a-6-9-8=2+49 
Division 
(left to right) 
Addition 6a-19=11 
(left to right) 6a = 11+19 
6a = 30 
a=5 
Check : Replace a with 5 in the equation. Check that the two expressions (to the right and 


to the left of the = symbol) name the same number. 
4x14+6(a-1)-9-27 =243? 
4x14+6(5-1)-9-29=243? 
4x1+6x4-9-2? =2+43? 
4x1+6x4-9-8=249 

4+24-9-8=2+49 

1l=11 


Solve for the unknown. 
Follow the order of operations. Show each step. 


1. (345)? +2-2=2b44 


b= 


2. 4(c+2)+2=2x5? 


(— 
3. 2+(16-4)+3+d+2d=97+9x2 
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a= 


4. 61-(9-6)? =5(2+ f) -3! 


y es 
Extra for Experts: Solve for Unknowns — Apply the Distributive Property 


Solve for the unknown. 
Follow the order of operations. Show each step. 


1. 5h+3(h-2)+2=2?x3 


h= 


2. 10?7-5x8=1+6(j+4) + (5? +5) +6 


j= 


3. k+2(6+k) +3? =2?x3x2-3 


k= 


4, 67 +427 = 2(2m+ 4m) — 42 x2 


m= 

Solutions: 

1. 5h+3(h-2)+2=2?x3 
5h+3h-—6+2 = 2?x3 
5h+3h-6+2=4x3 
5h+3h-6+2=12 
8h-4= 12 
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8h= 1244 
8h = 16 
h=2 


2. 10?-5x8=1+6(j+4) + (57 +5) 
107-5x8=1+6j+ 244+ (25+5) 
10?7-5x8=1+6j+24+30+6 
100-5x8=146j+ 24+ 30=6 
100-40 =1+6j+24+5 
60 = 6j + 30 
60 — 30 = 6; 

30 = 6j 
5= J 


+6 
+6 


3. k+2(64+k) +3? = 2?x3x2-3 
k+12+2k+37=23x3x2-3 
k+124+2k+9=8x3x2-3 
k+12+2k+9=48-3 
38k+21 = 45 
3k = 45 - 21 
3k = 24 
k=8 


4, 67 +427 = 2(2m + 4m) — 4? x 2 
6? +2? =2x6m-4?x2 
36+4=2x6m-16x2 
36 +4 = 12m —- 32 
40 = 12m — 32 
40 + 32 = 12m 
72 = 12m 
6=m 


8.4 Circle Sums 


Circle Sums — Solve for Values of Unknowns 
Teacher Notes 


Circle Sums show grids in which circles contain letters that represent unknowns. Arrows point to sums of 
rows and columns. For example, in Row 1,A+B+C+C = 19, and in Column 1,A+B+C = 14. Students 
use the grid relationships to figure out the values of the letters. Each grid contains four different letters. 


Solutions: 
1.A=4, B=5, C=8, D=7 
2. A=6, B=7, C=4, D=9 
3. A=7, B=8, C=3, D=6 
4.A=5, B=9, C=7, D=8 


> c) ’ 


Circle Sums — Solve for Values of Unknowns 


The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Columns 


1 2 3 4 
1 A ge Bo C ee C m 19 A=? 
Rows " " m LJ 


2'BM@ Bw cmc @ 22 B=? 


3(¢ mr, Ww 2p Ep @ 15 C=? 


y, vv : 


Describe : There are rows and columns with numbers and letters. 
Arrows point to sums. 


There are four different letters. 
My Job: Figure out the value of each letter, A, B, C, and D. 


Plan : All of Column 1 is contained in Row 1. 
Replace A, B, and C in Row 1 with its value from Column 1. Find the value of C. 
Replace each C with its value to find the value of D in Column 4, and A in 
Column 3. Replace A with its value in Column 2 to find the value of B. 


Solve: Column 1: A+B+C=14. 
Replace A+ B+C with 14 in Row 1 to get 14+C =19. 
C = 5. Replace each C with 5 everywhere it appears in the grid. 
Column 4: 5+5+D=1andD=4. 
Column 3: 5+5+A=13 and A = 3. Replace all A’s with 3. 
Column 2: B+B+3=15. Then 2B = 12, and B=6. 
SoA =3, B=6, C=5, and D=4. 


Check : Check rows or columns 
Row 1:3+64+5+4+5=19 Column 1:3+6+5=14 
Row 2:6+6+5+45 = 22 Column 1:3+6+5= 14 
Row 3:54+34+3+4+4=15 Column 3:5+5+3= 13 
Column 4:5+5+4= 14 


1. The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Rows 
2 B=? 
3 C=2 
p=? 


2. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


Rows 


3. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


1 A=? 
Rows 
2 B=? 
3 C=? 
D=? 


4. The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Rows 
2 B=? 
3 C=? 
D=? 


Extra for Experts: Circle Sums — Solve for Values of Unknowns 


1. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 


1 A=? 
Rows 
2 B=? 
3 c=? 
D=? 


1 A=? 
Rows 
2 B=? 
3 C=? 
D=? 


3. The arrows point to the sum of each row or column. Figure out the value of each letter. 
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Columns 
1 2 3 4 


1 (A met © eS ee A me 28 A? 
Rows " " " . 
2( AMZ Bw) C Wm D @ 26 B=2 
» 9 § 


3 Op Ec WO, pp ele? 


, sv - 


4. The arrows point to the sum of each row or column. Figure out the value of each letter. 


Columns 
1 2 3 4 


1 (2D me A ee Boe DO mm 25k? 
om OF OF F EF 


2/BE CW aA Wat D @ 29 B=? 


3 Bw Wn ee nD 31 C=? 


¥, vv FY ; 


Solutions: 
1.A=9, B=6, C=7, D=3 
2. A=8, B=7, C=5, D=9 
3. A=6, B=5, C=8, D=7 
4.A=7, B=8, C=9, D=5 


8.5 Hanging Scales 


Hanging Scales — Write Equations and Solve for Unknowns 
Teacher Notes 


Each problem shows three scales, their contents, and their weights. Students use the data provided in the 
display as clues to determine the weight of each block. All of the scales contain more than one type of 
block, so weights of blocks cannot be found directly. In all cases, one of the scales has a double set of two 
blocks. Students figure out the value of a single set of these two blocks. A second scale contains a single 
set of the same two blocks and one other block. Students mustreplace the set of blocks with their value in 
order to find the weight of the other block on the second scale. Once the value of one block is determined, 
urge students to record its value on all blocks of that type on all scales. This will enable students to figure 
out the weights of the remaining blocks. Encourage students to check solutions by replacing each block 
with its weight and comparing the total weight with the scale indicator. 


Solutions: 
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1. A:x4+z+x4+72=20; Bi: xt+y4+z=15; C:x+y+y=14 
x=4, y=5, z=6 

2. D:x+ty+z=19; E:y+z+ty+z= 24; F:x4+x+7z= 24 
x=7, y=2, z= 10 

3. G:xty+z=20; H:x+y+xt+y=26; 7:z+z+y=22 
x=5, y=8,z=7 

4A, J:x+ty+z=22; K:x+x+y=25; Lix+zt+x+z= 26 
x=8 y=9,z=5 

9 Miytatytx= 32; Niz+et+x=28) Pex+y+7= 25 
x=10, y=6, z=9 

6. OQ:x+ty+z= 28; R:y+zty+z2=34 S:x4+x+y=32 
x=11, y=10, z=7 


Hanging Scales — Write Equations and Solve for Unknowns 


x =? pounds 


y = ? pounds 


z=? pounds 


Scale A Scale B Scale C 
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Describe : 


My Job: 
Plan : 


Solve: 


Check : 


There are three scales with blocks. 
A: Two x and two y blocks. They weigh 26 pounds. 
B: One x, one y, and one z block. They weigh 22 pounds. 
C: One x and two z blocks. They weigh 24 pounds. 
Use the scales as clues. Figure out the weights of the blocks. 
Write equations, one for each scale. 
A:x+tyt+xt+y=26; Bi: xty+z= 22; C:x4+z74+7=24 
Solve the equations. 
A:x+y+x+y= 26. There are two of each block, so x+y = 138 
B: (x+y) +z = 22. Replace (x + y) with 13. 

13 +z = 22, and 

z = 22-13, or 9 pounds. 
C:x+z+z= 24. Replace each z with 9. 

x+18 = 24, and 

x = 24-18, or 6 pounds 
A:x+y= 18. Replace x with 6. Then 6 + y = 13. 

y = 13-6, or 7 pounds. 


Replace each block with its weight. Check that the total equal the number of 


pounds shown on the scales. 
A:6+7+6+7= 26; B:6+74+9= 23; C:64+949 = 24. 


Write equations. Figure out the weights of the blocks. 


20 
pounds 


x = ? pounds 


y = ? pounds 


z=? pounds 


Scale A Scale B Scale C 
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Scale J 
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x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


Scale Q Scale R Scale S 


Extra for Experts: Hanging Scales — Write Equations and Solve for Unknowns 


Write equations. Figure out the weights of the blocks. 


x=? pounds 


y = ? pounds 


z=? pounds 


Scale A Scale B Scale C 
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Scale C 
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x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


x =? pounds 


y = ? pounds 


z=? pounds 


Scale F 


x =? pounds 


y = ? pounds 


z=? pounds 


Solutions: 


1. A:x+x+y+y=36; B:xt+y+z=27; C:x+z+z=30 
x=12, y=6,z=9 
D:x+ty+z=24; E:z+z+yt+y=32; F:xt+x+y=25 
x=8, y=9, z=7 
G:xty+y=29; H:x+y+z7= 26; 1: x+x+724+72= 32 
x=9, y=10, z=7 
4. A:x+z+z=27; Bixtyt+x+y=36; C:xt+ty+z=26 

x 

D 

x 

G 

x 


1l, y=7, z=8 
rytztytz= 28; E:x+y+z2=26; F:x+x+y=32 
12, y=8, z=6 
:xt+y+z2=28; H:y+y4+z72= 25; I:x+x4+724+72= 42 
10, y=7, z=11 


8.6 Equal Costs 


Equal Costs — Write and Solve Equations for Equal Cost Problems 
Teacher Notes 


In Equal Costs, students are given information about the purchases of two people who spend the same 
amount of money for groups of items. In each group some items are the same. Students write an expression 
for the purchases for each person, and set the expressions equal to one another to represent the equal costs. 


385 www.ck12.org 


Students then solve the equation for the value of the unknown. This is the first problem set in which 
students encounter equations with unknowns and constants on both sides of the equal sign. They add or 
subtract equal amounts from each side of the equation to figure out the value of the unknown. 


Solutions: 
1. 2b=b+4;2b-—b=b+4-b;b =4; one sandwich costs $4. 
2. 4c+2=3c4+5;4c+2-3c=3c+5-3c;c+2=5;c+2-2=5-2;c = 3; one small soda costs $3. 
3. 6d = 4d + 3; 6d — 4d = 4d + 3 — 4d; 2d = 3;d = 1.5; one muffin costs $1.50. 
4, 5f +5 =3f+29:5f4+5-3f = 3f +29-3f;2f +5 = 29:2f +5 —5 = 29 —5;2f = 24: f = 12: one 


CD costs $12. 

5. 4g+2 = 2¢4+44+3+45;494+2 = 2¢+12;4¢+2-2¢9 = 2¢4+12-29; 2942 = 12;29¢4+2-2 = 12-2322 = 
10; g = 5; one movie ticket costs $5. 

6. 107 =57+10;107;-5j =5j+ 10-5j;5j = 10; j = 2; one pound of apples costs $2. 


Equal Costs — Write and Solve Equations for Equal Cost Problems 
Carla bought 3 notebooks and a $2 pen. 

Dan bought 2 notebooks and an $8 stapler. 

All notebooks cost the same. 

They spent the same amount of money. 

Use a to stand for the cost of one notebook. 

Write an equation to represent the costs of the two people. 

Solve for the value of a. 

Show your work. 


What is the cost of one notebook? 
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Describe : Carla: 3 notebooks and a $2 pen 
Dan: 2 notebooks and an $8 stapler 


3 notebooks and $2 costs the same as 2 notebooks and $8 


My job: Figure out the cost of one notebook. 


Plan : Use a to stand for the cost of one notebook. 
Write an expression showing the money spent by each person. 
Since they spent the same amount of money, the two expressions are equal. 
Write the equation. 


Solve for a. 


Solve : Carla’s cost: 3a + 2 
Dan’s cost: 2a+ 8. 


The costs are the same so 3a + 2 = 2a+ 8. Solve the equation. 


3a+2=2a+8 

Subtract 2a from each side. 3a + 2-2a = 2a+4+8- 2a 
a+2=8 

Subtract 2 from each side. a+2-2=8-2 
a=6 

One notebook is $6. 

Check : Carla: 3 notebooks and $2 pen is 3 x $6 + $2, or $20. 
Dan: 2 notebooks and $8 stapler is 2 x $6 + $8, or $20. 


$20 = $20 


1. Al bought 2 sandwiches. 

Bob bought one sandwich and a $4 large soda. 
All sandwiches cost the same. 

They spent the same amount of money. 

Use b to stand for the cost of one sandwich. 
Write an equation to represent the costs of the two people. 
Solve for the value of b. 

Show your work. 

What is the cost of one sandwich? 

2. Camilla bought 4 small sodas and a $2 cookie. 
Darla bought 3 small sodas and a $5 dessert. 

All small sodas cost the same. 


They spent the same amount of money. 
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Use c to stand for the cost of one small soda. 

Write an equation to represent the costs of the two people. 
Solve for the value of c. 

Show your work. 

What is the cost of one small soda? 

3. Erin bought 6 muffins 

Fred bought 4 muffins and a $3 drink. 

All muffins cost the same. 

They spent the same amount of money. 

Use d to stand for the cost of one muffin. 

Write an equation to represent the costs of the two people. 
Solve for the value of d. 

Show your work. 

What is the cost of one muffin? 

4. Gary bought 5 CDs and a $5 CD case. 

Helen bought 3 CDs and a set of $29 earphones. 

All CDs cost the same. 

They spent the same amount of money. 

Use f to stand for the cost of one CD. 

Write an equation to represent the costs of the two people. 
Solve for the value of f. 

Show your work. 

What is the cost of one CD? 

5. Ina bought 4 movie tickets and a $2 soda. 


Jen bought 2 movie tickets, a $4 bag of popcorn, a $3 drinks, and a $5 bag of candy. All movie tickets 
cost the same. 


They spent the same amount of money. 

Use g to stand for the cost of one movie ticket. 

Write an equation to represent the costs of the two people. 
Solve for the value of g. 

Show your work. 

What is the cost of one movie ticket? 

6. Ken bought 10 pounds of apples. 

Larry bought 5 pounds of apples and a $10 jar of honey. 
Each pound of apples cost the same. 

They spent the same amount of money. 


Use j to stand for the cost of one pound of apples. 
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Write an equation to represent the costs of the two people. 

Solve for the value of /. 

Show your work. 

What is the cost of one pound of apples? 

Extra for Experts: Equal Costs — Write and Solve Equations for Equal Cost Problems 
1. Hal bought 2 bagels and a large hot chocolate for $2.50. 

Jon bought 4 bagels and a $1.00 cream cheese. 

All bagels cost the same. 

They spent the same amount of money. 

Use a to stand for the cost of one bagel. 

Write an equation to represent the costs of the two people. 

Solve for the value of a. 

Show your work. 

What is the cost of one bagel? 

2. Kaelyn bought 5 pads of paper and a $1.50 box of binder clips. 
Lexa bought 2 pads of paper and a $6.00 box of pens. 

All pads of paper cost the same. 

They spent the same amount of money. 

Use b to stand for the cost of one pad of paper. 

Write an equation to represent the costs of the two people. 

Solve for the value of b. 

Show your work. 

What is the cost of one pad of paper? 

3. Mary bought 4 decks of cards and a $2.00 crossword puzzle book. 
Nina bought 2 decks of cards and 2 boxes of dominos for $3.50 each. 
All card decks cost the same. 

They spent the same amount of money. 

Use c to stand for the cost of one deck of cards. 

Write an equation to represent the costs of the two people. 

Solve for the value of c. 

Show your work. 

What is the cost of one deck of cards? 


Solutions: 


1. 2a+2.50 = 4a+1.00; 2a+2.50-2a = 4a+1.00-2a; 2.50 = 2a+1.00; 2.50-1.00 = 2a+1.00-—1.00; 1.50 = 
2a; 0.75 = a; one bagel costs $0.75. 

2. 5b+1.50 = 2b+ 6.00; 5b+1.50-2b = 2b+6.00-2b; 3b4- 1.50 = 6.00; 3b+1.50-—1.50 = 6.00-1.50; 3b = 
4.50; b = 1.50; one pad of paper costs $1.50. 
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3. 4c + 2.00 = 2c + 2 x 3.50; 4c + 2.00 = 2c + 7.00; 4c + 2.00 - 2c = 2c + 7.00 — 2c; 2c + 2.00 = 7.00; 2c + 
2.00 — 2.00 = 7.00 — 2.00; 2c = 5.00; c = 2.50; one deck of cards costs $2.50. 


8.7 Rectangle Facts 


Rectangle Facts — Apply Measurement Formulas 
Teacher Notes 


Each problem shows a rectangle separated into four smaller rectangles. The areas for three of the four 
rectangles are given. Students use the data provided and the formula for the area of a rectangle to figure 
out the dimensions of each of the three rectangles. Once they have found the dimensions of the three 
rectangles, they can figure out the dimensions of the fourth rectangle and determine its area. 


Solutions: 


. 20 square inches 
. 32 square inches 
. 32 square inches 
. 6 square inches 
. 56 square inches 
. 8 square inches 


aOowobrwnrR 


Rectangle Facts — Apply Measurement Formulas 


Rectangle ABCD is divided into 4 smaller rectangles. 


Ais a square. 
All dimensions are whole numbers. 


What is the area of Rectangle C? 
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Describe : The large rectangle contains 4 smaller rectangles. The areas of three of the 


rectangles are given. A is a square. All dimensions are whole numbers. 
My Job: Use the given areas. Figure out the area of Rectangle C. 


Plan : Find common factors of the areas. A is a square, so the dimensions can be easily 
determined. Figure out the dimensions of Rectangles B and D. This will give the 
dimensions for Rectangle C. Use the area formula to figure out the area of 


Rectangle C. 


Solve : A is a square, so the dimensions are 4 in. by 4 in. That means that one of the 
dimensions of Rectangle B is 4 inches. The area is 24 square inches, so the other 
dimension must be 24 +4, or 6 inches. Likewise, one of the dimensions of 
Rectangle D is 4, so the other is 20 + 4, or 5 inches. The dimensions of Rectangle 
C are 6 inches from the shared side with Rectangle B and 5 inches form the 


shared side with Rectangle D. The area of C is 6 x 5, or 30 square inches. 


Check : A:4 by 4 inches with an area of 16 sq in. 
B: 4 by 6 inches with an area of 24 sq in. 
C: 5 by 5 inches with an area of 30 sq in. 
D:4 by 5 inches with an area of 20 sq in. 


1. Rectangle EFGH is separated into 4 smaller rectangles. 


G is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle E? 


2. Rectangle JKLM is separated into 4 smaller rectangles. 
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M is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle K? 


P is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle R? 


F is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle G? 


5. Rectangle JKLM is separated into 4 smaller rectangles. 


J is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle M? 
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6. Rectangle NPQR is separated into 4 smaller rectangles. 


R is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle P? 


Extra for Experts: Rectangle Facts — Apply Measurement Formulas 
1. Rectangle ABCD is separated into 4 smaller rectangles. 


C is a square. 
All dimensions are whole numbers. 
D Cc What is the area of Rectangle B? 
63 sq in. 49 sq in. 


2. Rectangle EFGH is separated into 4 smaller rectangles. 


EB F F is a square. 
48 sq in. 36 sq in. 
All dimensions are whole numbers. 
H G 


What is the area of Rectangle H? 


3. Rectangle JKLM is separated into 4 smaller rectangles. 
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M is a square. 
All dimensions are whole numbers. 


What is the area of Rectangle J? 


4. Rectangle NPQR is separated into 4 smaller rectangles. 


N 
64 sq in. 
All dimensions are whole numbers. 


R Q What is the area of Rectangle P? 
40 sq in. 50 sq in. 


5. Rectangle STUV is separated into 4 smaller rectangles. 


ui S is a square. 
100 sq in. 120 sq in. 
All dimensions are whole numbers. 


Ss) 
V U What is the area of Rectangle U? 
40 sq in. ? sq in. 


6. Rectangle WXYZ is separated into 4 smaller rectangles. 


x X is a square. 
81 sq in. 
All dimensions are whole numbers. 


a Vf What is the area of Rectangle W? 
48 sq in. 36 sq in. 
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N is a Square. 


Solutions: 


oOoworwnmr 


. 21 square inches 
. 24 square inches 
. 15 square inches 
. 80 square inches 
. 48 square inches 
. 108 square inches 


8.8 Two-Step Patterns 


Two Step Patterns — Identify Patterns and Write Function Rules 


Teacher Notes 


Two Step Patterns require students to analyze the first 3 or 4 figures of a pattern, identify relationships 
between the pattern number and the number of items needed to draw the figure, describe the 10" figure, 
and write the rule (in symbols) that relates the pattern number and the number of items. All rules require 
two steps: multiplication and either addition or subtraction. Encourage students to make a table to 
organize their data. The table will help them to observe the relationship and write the rule. 


Solutions: 


1. 


Figure 10 has 32 tiles; y = 3n+ 2 

Figure 1 has 1 row of 3 plus 2; Figure 2 has 2 rows of 3 plus 2; Figure 3 has 3 rows of 3 plus 
2; Figure 4 has 4 rows of 3 plus 2; Figure 10 will have 10 rows of 3 plus 2, or 32 tiles. 
Figure n will have n rows of 3 plus 2, or 3n + 2 tiles. 


Figure 10 has 31 tiles; y= 3n+ 1 

Figure 1 has 1 row of 3 plus 1; Figure 2 has 2 rows of 3 plus 1; Figure 3 has 3 rows of 3 plus 
1; Figure 4 has 4 rows of 3 plus 1; Figure 10 will have 10 rows of 3 plus 1, or 31 tiles. 
Figure n will have n rows of 3 plus 1, or 3n + 1 tiles. 


Figure 10 has 43 tiles; y= 4n+3 

Figure 1 has 1 row of 4 plus 3; Figure 2 has 2 rows of 4 plus 3; Figure 3 has 3 rows of 4 plus 
3; Figure 4 has 4 rows of 4 plus 3; Figure 10 will have 10 rows of 4 plus 3, or 48 tiles. Figure 
n will have n rows of 4 plus 3, or 4n + 3 tiles. 


Two Step Patterns — Identify Patterns and Write Function Rule 


ia 


Figure 1 Figure 2 Figure 3 Figure 4 


How many square tiles are in Figure 10? 
Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (72). 
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Describe: Each figure is made of square tiles. 
Figure 1 has 3 tiles. 
Figure 2 has 5 tiles. 
Figure 3 has 7 tiles. 
Figure 4 has 9 tiles. 


My job: Determine the number of tiles in Figure 10. 
Write the rule relating the Number of Tiles to the Figure Number. 


Plan : Use the diagrams to figure out the relationship between the Figure Number and 
the Number of Tiles. 


Solve : Figure 1 has 1 row of 2 tiles with one tile on top. That is 2x 1+ 1, or 8 tiles. 
Figure 2 has 2 rows of 2 tiles with one tile on top. That is 2x 2-+1, or 5 tiles. 
Figure 3 has 3 rows of 2 tiles with one tile on top. That is 2x3-+1, or 7 tiles. 
Figure 4 has 4 rows of 2 tiles with one tile on top. That is 2x 4+ 1, or 9 tiles. 
Figure 10 will have 10 rows of 2 tiles with one on top. That is 210+ 1, or 21 tiles. 
Figure n will have n rows of 2 tiles with one on top. That is 2xn+1, or 2n +1 tiles. 
The rule is y= 2n+ 1 


Check : Figure 1:2x1+1=3 
Figure 2:2x2+1=5 
Figure 3:2x3+1=7 
Figure 4:2x4+1=9 


Figure 1 Figure 2 Figure 3 Figure 4 


How many square tiles are in Figure 10? 


Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 
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a @ & 8 


Figure 1 Figure 2 Figure 3 Figure 4 


How many small triangle tiles are in Figure 10? 
Use n to stand for the Figure Number and y to stand for the Number of Tiles. 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 


Figure 1 Figure 2 Figure 3 Figure 4 


How many square tiles are in Figure 10? 
Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 


Extra for Experts: Two Step Patterns — Identify Patterns and Write Function Rule 


O O e000 
O O Q2e00 
O00 fo Teke) ee°0 

Figure 1 Figure 2 Figure 4 


How many circle tiles are in Figure 10? 


Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 
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s £. ff. é. 


Figure 1 Figure 2 Figure 3 Figure 4 


How many square tiles are in Figure 10? 
Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 


Figure 1 Figure 2 Figure 3 Figure 4 


How many small triangle tiles are in Figure 10? 
Use n to stand for the Figure Number and y to stand for the Number of Tiles 


Write the rule that shows how the Number of Tiles (y) is related to the Figure Number (7). 


Solutions: 


1. 


Figure 10 has 23 tiles; y= 2n+3 

Figure 1 has 1 column of 2 plus 3; Figure 2 has 2 columns of 2 plus 3; Figure 3 has 3 
columns of 2 plus 3; Figure 4 has 4 columns of 2 plus 3; Figure 10 will have 10 columns of 2 
plus 3, or 23 tiles. 

Figure n will have n columns of 2 plus 3, or 2n +3 tiles. 


Figure 10 has 24 tiles; y = 2n+ 4 

Figure 1 has 1 row of 2 plus 4; Figure 2 has 2 rows of 2 plus 4; Figure 3 has 3 rows of 2 plus 
4; Figure 4 has 4 rows of 2 plus 4; Figure 10 will have 10 rows of 2 plus 4, or 24 tiles. 
Figure n will have n rows of 2 plus 4, or 2n + 4 tiles. 


Figure 10 has 59 tiles; y= 5n+n-1, or 6n-1 

Figure 1 has 1 house of 5 tiles; Figure 2 has 2 houses of 5 tiles plus 1 more tile; Figure 3 has 
3 houses of 5 tiles plus 2 more tiles; Figure 4 has 4 houses of 5 tiles plus 3 more tiles; Figure 
10 will have 10 houses of 5 tiles plus 9 more tiles, or 59 tiles. 

Figure n will have n houses of 5 tiles plus n — 1 more tiles, or 5n +n -— 1 tiles. 


8.9 Coin Stumpers 


Coin Stumpers — Reason Proportionally with Metric Measurements 


Teacher Notes 
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Students reason proportionally about weights of coins in grams. They use those weights to solve multi-step 
problems. All weights are given to the nearest tenth of a gram. 


The Extra for Experts include the values of the coins as an additional factor to consider in the problem 
solutions. 


Solutions: 

Coin Stumpers 1 

2.3 grams 

50 nickels are 50 x5 grams, or 250 grams; 273-250 = 23 grams for 10 dimes. One dime is nf or 2.3 grams. 
Coin Stumpers 2 

80 pennies 

20 nickels are 20 x 5 grams or 100 grams. 300 — 100 = 200 grams. 

me = 80 pennies. 

Coin Stumpers 3 

20 pennies and 40 dimes 

50 grams is 3, or 20 pennies. 142 — 50 = 92 grams. 
= = 40 dimes 

Coin Stumpers 4 


20 nickels 


20 pennies are 20 x 2.5 grams = 50 grams; 18 dimes are 18 x 2.3 grams = 41.4 grams. 191.4 - 91.4 = 100 
grams. 


0 = 20 nickels. 

Coin Stumpers — Reason Proportionally with Metric Measurements 
A pile of 100 pennies weighs 250 grams. 

A nickel weighs twice as much as a penny. 


What is the weight of a pile of 300 coins, half pennies and half nickels? 
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Describe : 


My job: 


Plan : 


Solve: 


Check : 


100 pennies weigh 250 grams. 
A nickel weighs twice as much as a penny. 


A new pile has 300 coins. Half of the 300 are pennies and half are nickels. 
Figure out the weight of the pile of 300 coins, half pennies and half nickels. 


Compute the weight of a penny and a nickel. Then, use those weights to figure out 


the weight of the pile of 300 coins, half pennies and half nickels. 


100 pennies are 250 grams. 


50 
100” or 2.5 grams. 
One nickel is 2 x 2.5, or 5 grams. 
150 x 2.5 = 375 grams 
150 x 5.0 = 750 grams 


The pile of 300 coins is 1125 grams. 


So, one penny is 


100 pennies are 250 grams. Using a proportion, the weight of 150 pennies is 1.5 
times 250, or 375 grams. 

Since 100 pennies are 250 grams, 100 nickels are 2 x 250 or 500 grams. So, 150 
nickels are 1.5 x 500, or 750 grams. 

375 + 750 = 1125 grams 


You have already figured out the numbers of grams for a penny and a nickel. Record the number of grams 
for a dime once you solve problem 1. Then use those weights to solve the other problems on this page and 
on the page of Extra for Experts. 


Show the steps of your solution to each problem. 
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400 


2.5 grams 


5 grams 


grams 


1. The weight of a pile of nickels and dimes is 273 grams. There are 60 coins in the pile. Fifty 
of the coins are nickels. What is the weight of a dime? Record that number in the list above. 


2. The weight of a pile of pennies and nickels is 300 grams. There are 20 nickels. How many 
pennies are there? 


3. The weight of a pile of pennies and dimes is 142 grams. The total weight of the pennies is 50 grams. 
How many pennies and dimes are in the pile? 


4. The total weight of a pile of pennies, nickels and dimes is 191.4 grams. There are 20 pennies 
in the pile. There are 2 fewer dimes than pennies. How many coins are nickels? 


Extra for Experts: Coin Stumpers — Reason Proportionally with Metric Measurements 
Use the coin weights to solve these problems. 
Show the steps of your solution to each problem. 


1. The total weight of a pile of pennies and dimes is 96 grams. There are 20 dimes in the pile. 
What is the total value of the coins? 


2. The total weight of a pile of nickels and pennies is 3000 grams. The total value of the nickels 
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is $25. How many pennies are in the pile? 


3. A pile of pennies, nickels and dimes weighs 146 grams. There are 30 pennies in the pile. 
There are 10 less dimes than pennies. What is the total value of the nickels in the pile? 


4. A pile of pennies, nickels and dimes weighs 195.5 grams. There are 15 pennies in the pile. 
There are 12 more nickels than pennies. What is the total value of the coins in the pile? 


Solutions: 

Coin Stumpers Extra 1 

$2.20 

20 dimes is 20 x 2.3 grams, or 46 grams 
96 — 46 = 50 grams 

= = 20 pennies 

20 dimes is $2.00 

20 pennies is $0.20 

$2 + $0.20 = $2.20 

Coin Stumpers Extra 2 

200 pennies 

$25 x 20 nickels/dollar = 500 nickels 
500 x 5 grams = 2500 grams of nickels 
3000 — 2500 = 500 grams of pennies 
se = 200 pennies 

Coin Stumpers Extra 3 

$.25 

30 pennies is 30 x 2.5, or 75 grams. 
20 dimes is 20 x 2.3, or 46 grams. 
146 — 75 — 46 = 25 grams of nickels 
2 = 5 nickels 

5 nickels are $.25 

Coin Stumpers Extra 4 

$2.50 


15 pennies is 15 x 2.5, or 37.5 grams. 
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27 nickels is 27 x 5, or 135 grams. 

195 — 27.5 — 185 = 23 grams for dimes. 

+ = 10 dimes. 

15 pennies are $.15, 27 nickels are $1.35, and 10 dimes are $1.00. 


$.15 + $1.35 + $1.00 = $2.50 


8.10 ‘Trip Functions 


Trip Functions — Complete Tables and Write Function Rules 
Teacher Notes 


Students use facts to complete rate tables and write rules in words to describe the relationship between 
the input and the output. All functions are of the form of y=a-x+), that is, the sum of an initial value 
(number of miles showing on odometers/pedometers before the start of a trip) and the product of number 
of hours traveled and average speed in miles per hour. 

Solutions: 


Trip Functions 1 


ee 


Rule: Number of miles is the sum of 23,500 and the product of number of hours and 40 mph. 
Trip Functions 2 
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en 


Rule: Number of miles is the sum of 72,160 and the product of number of hours and 30 mph. 
Trip Functions — Complete Tables and Write Function Rules 
Read the facts. Follow the steps. 


Facts: Before the start of the cross-country trip, the odometer in Mrs. Wilson’s car showed 4,100 miles. 
On the trip, she averaged 50 miles per hour. 


First: Complete the table to show changes in Ms. Wilson’s odometer for the first 6 hours. 


Second: Write a rule that describes how the number of hours traveled is related to what the car odometer 
shows. 


Number of Hours Odometer: Number 
of Miles 
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Describe : Before the start of the trip, Ms. Wilson’s car odameter showed 4, 100 
miles. On the trip, she drove an average of 50 miles each hour. The table 


shows 4,100 miles at 0 hours. 


My Job: Use the facts to complete the table. Write a rule that shows how the 
number of miles on the odometer is related to the number of hours of 


travel on the trip. 


Plan: Start with the table. Add 50 to 4,100 for each new hour. Then write the 


rule. 


Number of Hours Odometer: Number 
of Miles 


Solve : Rule: Number of miles is the sum of 4,100 and the product of number of 


hours and 50 mph. 


Check : Use the rule and to verify the facts. 
4,100 + 1 x 50 = 4,150 
4,100 + 2 x 50 = 4, 200 
4,100 + 3 x 50 = 4, 250 
4,100 + 4 x 50 = 4,300 
4,100 + 5 x 50 = 4,350 
4,100 + 6 x 50 = 4, 400 


Trip Functions 1 


Facts: Before he left on his trip, Mr. Patterson’s truck odometer showed 23,500 miles. He averaged 40 
miles per hour on his drive from Sacramento to San Diego. 


First: Complete the table to show changes in Mr. Patterson’s truck odometer for the first 6 hours. 


Second: Write a rule that describes how the number of hours traveled is related to what the truck 
odometer shows. 
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Number of Hours Odometer: Number 
of Miles 


Rule: 
Trip Functions 2 


Facts: The Karene City School Bus averaged 30 miles per hour on its trip to the state basketball compe- 
tition. At the start of the trip, the bus’s odometer showed 72,160 miles. 


First: Complete the table to show changes in the bus’s odometer for the first 6 hours. 


Second: Write a rule that describes how the number of hours traveled is related to what the bus odometer 
shows. 


Number of Hours Odometer: Number 
of Miles 


Rule: 
Extra for Experts: Trip Functions — Complete Tables and Write Function Rules 
Trip Functions Extra 1 


Facts: Charlie’s pedometer is on his belt. It registers the number of miles walked. Before the hike, the 
pedometer showed 27 miles. Charlie hiked for several days and averaged 3 miles per hour. 


First: Complete the table to show changes in Charlie’s pedometer for the first 6 hours. 


Second: Write a rule that describes how the number of hours traveled is related to what the pedometer 
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shows. 


Number of Hours Pedometer: Number 
of Miles 


Rule: 
Trip Functions Extra 2 


Facts: Before Brent left on his bike hike, his bike’s odometer showed 62 miles. Brent averaged 8 miles per 
hour. 


First: Complete the table to show changes in Brent’s bike odometer for the first 6 hours. 


Second: Write a rule that describes how the number of hours traveled is related to what the bike odometer 
shows. 


Number of Hours Odometer: Number 
of Miles 


Rule: 


Solutions: 


Trip Functions Extra 1 
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Number of Hours Odometer: Number 
of Miles 


Rule: Number of miles is the sum of 27 and the product of number of hours and 3 mph. 


Trip Functions Extra 2 


Number of Hours Odometer: Number 
of Miles 


Rule: Number of miles is the sum of 62 and the product of number of hours and 8 mph. 


8.11 Drive Away 


Drive Away — Interpret Graphs and Write Functions Rules 
Teacher Notes 


Each distance-time graph shows two lines representing the speeds of two drivers. Students first interpret 
the Fact to identify the driver of interest. Next they complete a Time-Distance table of values for the first 
6 hours travelled. By inspecting the table of values and identifying relationships between entries in each 
line of the table, they write a rule that shows how the Distance (D), or number of miles traveled, relates 
to the amount of time (ft), or number of hours of travel. 


Solutions: 


Drive Away 1 


www.ck12.org 408 


1. 15 mph 


3. D=15t 


Drive Away 2 


1. 20 mph 
2. 


3. D=20t 


Drive Away — Interpret Graphs and Write Functions Rules 


Distance (Number of miles) 


Time (Number of hours) 


Fact: The graph shows the speeds of drivers, Axel and Bush, on city roads. Bush is traveling 
faster than Axel. 


1. What was Bush’s speed in miles per hour? 
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2. Complete the table to show total number of miles traveled by Bush at that speed. 
3. Let t represent number of hours and D represent distance in number of miles. Write a rule to show 
how the number of miles (D) is related to number of hours (f). 


Describe : The graph shows time in number of hours along the horizontal axis. 
Distance in number of miles is shown along the vertical axis. The two 
lines on the graph represent the speeds of Axel and Bush. The Fact 


indicates that Bush is traveling faster than Axel. 


My Job: Use the Fact to figure out which line represents Bush. Complete the table 
for Bush. Write a rule to describe how the number of miles traveled is 


related to the number of hours of driving time. 


Plan : Compare the lines with the Fact and decide which line represents Bush. 
Determine his average speed. Use that data to complete the table. 


Generalize from the data in the table. Construct the rule. 


Solve : Bush is line S. 
1. He was driving at a speed of 30 mph. 
2. Complete the table using that speed to figure out the distances. 


3. D=30t 


Check : Use the rule to verify the data in the table. 
D=30x1= 30 
D = 30x 2 = 60 
D=30x3=90 
D= 30x 4 = 120 
D= 305 = 150 
D = 30x 6 = 180 


Drive Away 1 
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Distance (Number of miles) 


Time (Number of hours) 


Fact: The graph shows the speeds of drivers, Harold and French. Harold didn’t travel as 
fast as French. 


1. What was Harold’s speed in miles per hour? 

2. Complete the table to show total number of miles traveled by Harold at that speed. 

3. Let t represent number of hours and D represent distance in number of miles. Write a rule to show 
how the number of miles (D) is related to number of hours (f). 


p= 


Drive Away 2 


Distance (Number of miles) 


Time (Number of hours) 


Fact: The graph shows the speeds of drivers, Roberts and Clark. Roberts drove 10 mph 
slower than Clark. 


1. What was Clark’s speed in miles per hour? 
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2. Complete the table to show total number of miles traveled by Clark at that speed. 
3. Let t represent number of hours and D represent distance in number of miles. Write a rule to show 
how the number of miles (D) is related to number of hours (f). 


D= 


Extra for Experts: Drive Away — Interpret Graphs and Write Functions Rules 
Drive Away Extra 1 


— 
Oo oO 
o oO 


~~ © 
o oO 


a 
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Distance (Number of miles) 
yo wo ff oO 
oo oO Oo 


= 
oO 


Time (Number of hours) 


Fact: The graph shows the speeds of drivers, Marx and Stevens. Marx drove 5 mph faster 
than Stevens. 


1. What was Marx’s speed in miles per hour? 

2. Complete the table to show total number of miles traveled by Marx at that speed. 

3. Let t represent number of hours and D represent distance in number of miles. Write a rule to show 
how the number of miles (D) is related to number of hours (f). 


D= 


Drive Away Extra 2 
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Fact: The graph shows the speeds of drivers, Ellsworth and Stewart. The speed limit on 
Highway 999 is 55 mph. Ellsworth obeyed the speed limit. Stuart did not. 


— 


. What was Ellsworth’s speed in miles per hour? 

. Complete the table to show total number of miles traveled by Ellsworth at that speed. 

. Let t represent number of hours and D represent distance in number of miles. Write a rule to show 
how the number of miles (D) is related to number of hours (f). 


Ww wo 


p= 


Solutions: 


Drive Away Extra 1 


1. 25 mph 
2. 


3. D=25t 


Drive Away Extra 2 


1. 50 mph 
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3. D=50t 
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Chapter 9 


CK-12 Algebra Explorations, 
Grade 7 


9.1 Introduction 


This algebra module has been designed to develop grade 7 students’ understanding of ten key concepts of 
algebra and to enhance their problem solving skills. Each section begins with a brief description of the 
problem set and the concepts and skills developed. This is followed by the solutions to problems in the 
problem set. The first problem in each set is the “teaching problem.” It is completed following the five- 
step problem solving model and is designed to be used by teachers as the centerpiece of the instructional 
program. The teaching problem is followed by problems to be completed by the students working on their 
own. 


This module may be used as an algebra unit to complement the existing instructional program. It also 
may be used to show connections between algebra and the strands of number and measurement, to provide 
practice of number computational algorithms, and to reinforce problem solving skills. 


The Extra for Experts provides additional opportunities for students to apply newly learned concepts and 
skills to the solution of problems like those developed in this Algebra module. 


The Key Algebraic Concepts 


Equality /Inequality: In this module, students gain greater understanding of equality as they learn about 
and apply the fundamental order of operations, including exponentiations and the distributive property, to 
determine the values of expressions that name the same number. Understanding and using the distributive 
property is key to working with polynomials in formal courses in algebra. 


Variables as unknowns: Variables may be letters, geometric shapes, or objects that stand for a number 
of things. When used to represent an unknown, the variable has only one value. For example, in the 
equation, t+ 5 = 7, the variable t is an unknown and it stands for the number 2. When tf is replaced with 
2 in the equation, the expression to the left of the equal symbol names the same number as the expression 
to the right of the equal symbol; 2+ 5 is another name for 7. Students solve for the values of unknowns in 
a variety of settings that model systems of equations, including letter grids and hanging scales. 


Variables as varying quantities: In some equations, variables can take on more than one value. For 
example, in the equation g = 2 +7, if the value of q is 5, then the value of r is 3. Or, if the value of r is 9, 
the value of q is 11. So, in this case g can be any number. However, once a value for g is chosen, then the 
value for r is fixed. Likewise, once a value for r is chosen, then the value of q is fixed. Variables as varying 
quantities appear in functions and formulas. In this module, students identify and write rules for two-step 
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(e.g., y = 2z + 4) functions in words, and apply the distance-rate-time formula to solve problems. 


Proportional Reasoning: A major method for solving algebraic problems is by reasoning proportionally. 
Proportional reasoning is sometimes called “multiplicative reasoning,” because it requires application of 
multiplication or its inverse, division. In this module, students reason proportionally when they determine 
weights or costs of different types of fruits, when they apply the D = rt formula, and when they determine 
the nature of positions of numbers in a repeating pattern. 


Interpret Representations: Mathematical relationships can be displayed in a variety of ways including 
with text, tables, graphs, diagrams and symbols. Having students interpret these types of displays and use 
the data in the displays to solve problems is critical to success with the study of algebra. In this module, 
students interpret circle and arrow grid diagrams, weight scales, and line graphs and tables of data. 
Write Equations: Although an equation is a symbolic representation of a mathematical relationship, the 
writing of an equation is a key algebraic skill and one that requires separate attention and instruction. In 
this module, students write systems of equations using letters to represent weights of blocks pictured on 
scales, relationships between pairs of data in tables, and relationships among distance, rate and time. 


The Problem Solving Five-Step Model 
The model that we recommend to help students move through the solution problems has five steps: 


Describe focuses students’ attention on the information in the problem display. In some cases, the display 
is a diagram. Other times it is a table, graph, equation, or model, or a combination of any of these. Having 
students tell what they see will help them interpret the problem and identify key facts needed to proceed 
with the solution method. 


My Job helps students focus on the task by having them tell what they have to do, that is, rephrase the 
problem in their own words. 


Plan requires identification of the steps to follow to solve the problem and helps students focus on the 
first step. Knowing where to start is often the most difficult part of the solution process. 


Solve is putting the plan to work and showing the steps. 
Check is used to verify the answer. 


We recommend that you “model” these steps in your instruction and that you encourage your students to 
follow the steps when solving the problems in this module and when relating their solution processes to 
others. 


Note: Although the instructional pages show only one solution plan, many of the problems have more 
than one correct solution path. These problems provide excellent opportunities for engaging your students 
in algebraic conversations about how their solutions are the same, how they differ, and perhaps, which 
solution method is “most elegant.” 


9.2 X the Unknown 


X The Unknown — Solve for Unknowns using the Distributive Property 
Teacher Notes 


Students apply the distributive property and the rule for order of operations to solve equations involving 
unknowns. In all problems, students have to find square roots of values. All roots are the positive roots of 
square numbers. Be sure that students show all computational steps. 


Solutions: 


X The Unknown 1 
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x? 4+ 4(3+x)-3 = 2(2x +9) 
x 4+124+4¢=3 =47+18 
x7412-3-4x =4x-4x4+18 
a 412=3= 18 


r490=18 
a7+9-9=18-9 
7=9 

x=3 


X The Unknown 2 


4(3 —x) +92 = x(x-4)4+ 77-5 
12 =4x 4 97 = Pe Hdxyt 7 —5 
12-44 +81 =x? —474+49-5 
93 — 4x = x? -4x4 44 

93 -—4x + 4x = x2-4x4+44+4 
93 = x7 +44 
93-44 = x7 + 44-44 
49 = x? 

i— 


X The Unknown 3 


5(x +8) +8? -— (52 +313) =x(x+5) + (9-7)? 
5x + 40 + 8? — (574+ 3x 13) = x7 +5x+4 (9-7)? 
5x + 40 + 8? — (254.313) = x7 +5x+2? 

5x + 40+ 64 - (254 39) =x? +5x+4 

5x+ 40+ 64-64= 27745244 

5x+ 40 =2x74+5x4+4 

5x +40 -5x = 2x2 +5x+4-5x 

AQ =a" 4 

ANS AH 37 Ao 4 

36= x7 

6=x 


O(x+8)+2x = x(x+27)437-9 


What is the value of x? 
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Describe : The equation has one unknown, x. There are two sets of parentheses. 


My Job: Do the computations to figure out the value of x. 


Plan : Follow the order of operations to simplify the equation. Then solve for the value 

of x. Order of operations: Parentheses first. Apply the distributive property. 
Then do all computations inside of the parentheses next, following the rule for the 
order of operations. 

Parentheses 

Exponents 

Multiplication and Division, left to right 

Addition and Subtraction, left to right 


Solve : Oe 48) Or — aot 27) 43% =9 
Distributive Property 2x+16+2x = x74 4x437-9 
Exponents Ix +164 2x=2x7+4r+9-9 
Add variables Ax +16 =x7+4x+9-9 


Subtract “4x” from each side 4x + 16—-4x=3x°+4x+9-9-4x 


Add/Subtract 16=x74+9-9 
16 =x 
4=x 
Check : Replace x with 4 in the equation. Check for equality. 


2(4+8)+2x4=4(4+4 27) +37-9 
2x124+2x4=4x(44+4)+9-9 
24+8—=3249-9 

32 = 32 


Solve for the value of x. 
Show all steps. 
1. 2° +4(3+x)-3 = 2(2x+9) 


2. 4(3-x) +9? =x(x-4)+77-5 
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3. 


5(x+ 8) + 8? — (57 +313) = x(x+5) + (9-7)? 


Extra for Experts: X the Unknown — Solve for Unknowns using the Distributive Property 


Solve for the value of x. 


Show all steps. 


1. 


x? + 6(x—1) = 2(3x-2)+2?-2 


2. x? +4(x4+1) = 2(2x+37)411 
3. 3(x+10)-1-2? = 3x4 x7 + 2(3 +5) 
Solutions: 
1. x? +6(x-1) = 2(3x-2)+ 27-2 
x74+6x-6=6x-4+4+ 27-2 
x +-6%—6=6x-4+44=2 
x? +6x-6-6x =6x-44+4-2-6x 
oka a4 9 
x7+-6=-2 
hGH OG 
x27 =4 
= 2 
2. x7 +4(x+1) = 2(2x+37)4+11 
x?+4x+4=4x4+2x9411 
x? +4x+4-4x =4x+2x94+11-4x 
x74+4=2x9411 
x74+4=18411 
a bdo A = 184-11 4 
x? = 25 
x=5 
3. 3(x+10)-1-2? = 3x+27 + 2(3+5) 
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§44-30-1-7 j3r 4-4 428 
3x+30-1-4=3x4+2°+2x8 

3x4 +30-1=4=3% = 3x40 42% 8= 3x 
30-1-4=x742x8 
30-1-4=x%x7+16 


25 = x7 +16 
25-16= 2x7 + 16-16 
9= x 

3=x 


9.3. Letter Grids 1-4 


Letter Grids — Solve for Unknowns 
Teacher Notes 


Letter grids show three rows and four columns of circles, each containing a number or letter. Letters 
represent unknown values. Same letters have same values. Arrows point to sums of rows and columns. 
Students use relationships among contents of row and columns to figure ou the values of the five unknowns. 
For each grid, one of the columns is a subset of one of the rows. For example, in the teaching example, 
Column 4 contains A,B, and C. Row 3 also contains A, B and C, as well as an additional C. The ABC in 
Row 3 can be replaced with its sum (18), and the value of the remaining C can be determined. 


Encourage students to record the value of a variable everywhere it appears in the grid, once it has been 
determined. This will facilitate the solution process by helping students see rows and columns where only 
one variable remains. 


Note: For some problems, there are different solution paths. 
Solutions: 


Letter Grid 1: M=13, P=10, Q=20, T=6, W=2 


Letter Grid 2:C=2, D=4, E=7, F=5, G=6 


Letter Grid 3:A=3, B=1, X=11, Y=12, Z=4 


Letter Grid 4: E=9, G=7, L=10, R=5, S =4 


Letter Grid 5: D=3, E=8, F=5, G=15, H = 20 


Letter Grid 6:5 =1, T=20, U=5, X=12, W=9 
Letter Grid 


The arrows point to the sum of each row or column. Same letters stand for same numbers. Figure out the 
value of each letter 
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Columns 


a a a A 
aw 
B=_? 
= ? 
= ? 
= ? 
Describe There are three rows and four columns. 
Circles have letters or numbers. 
Sums of rows and columns are in the squares. 
Arrows point to sums. 
My Job Figure out values of letters, A,B,C, D, and E. 
Plan Look for a column that contains all letters shown a row. Replace the group of 


same letters with its value and continue. 


Solve All of Column 4 is contained in Row 3. Replace ABC in Row 3 with 18. Then 18 + C = 22, 
and C = 4. Replace all C’s in the grid with 4. 
Column 3:D+D+4= 22. So, 2D = 18 and D=9. Replace all D’s with 9. 
Row 1:2+A+9+A = 27. So, 2A +11 = 27 and 2A = 16 and A =8. Replace A’s with 8. 
Column 4:8+B+4=18.S0, B+12=18 and B=6. Replace B’s with 6. 
Column 1:2+£+8=11.So0, E+10=11, and E = 1. Replace E with 1. 


Check Check rows or columns 
Row 1:2+8+9+4+8 = 27 
Row 2:1+8+9+6 = 24 
Row 3:8+6+4+4+4= 22 


Letter Grid 1 
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Columns 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 
Arrows point to the sums. 

What are the values? M= P= 
Letter Grid 2 


Columns 


Letters stand for numbers. 
Same letters are same numbers. 


Numbers in squares are row and column sums. 
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Arrows point to the sums. 
What are the values? C = D= E= F= G= 
Letter Grid 3 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 

Arrows point to the sums. 

What are the values? A = B= X= Y= Z= 
Letter Grid 4 


Columns 
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Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 
Arrows point to the sums. 


What are the values? E = G= L= R= S= 


9.4 Letter Grids 5-6 


Letter Grid 5 


Columns 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 
Arrows point to the sums. 


What are the values? D = E= F = G= H = 


Letter Grid 6 


www.ck12.org 424 


Columns 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 
Arrows point to the sums. 


What are the values? S = T= U= xX = W = 


9.5 Letter Grids Extra for Experts 


Extra for Experts: Letter Grids — Solve for Unknowns 
Solutions: 


Letter Grid 1:kK=2, L=11, M=16, P=14, X = 10 


Letter Grid 2:C=15, E=7, G=19, L=4, P=5 


Letter Grid 3: M=9, S =3, T=20, V=15, W=1 


Letter Grid 4:B=14, H=8, R=11, X =50, Z=10 
Letter Grid 1 
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Columns 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 

Arrows point to the sums. 

What are the values? K= LL = M= P= X= 
Letter Grid 2 


Letters stand for numbers. 
Same letters are same numbers. 


Numbers in squares are row and column sums. 
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Arrows point to the sums. 
What are the values? C = E= G= L= P= 
Letter Grid 1 


Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 

Arrows point to the sums. 

What are the values? M = S= T= V= W= 
Letter Grid 1 


Columns 
1 2 3 4 
1 = 
Rows 2 2 
3 
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Letters stand for numbers. 

Same letters are same numbers. 

Numbers in squares are row and column sums. 
Arrows point to the sums. 


What are the values? B = H = R= xX = Z= 


9.6 Hanging Scales 


Hanging Scales — Solve for Unknowns 


Teacher Notes 


Each problem shows four scales, their contents, and their weights. Students use the data provided in the 
display as clues to write equations and determine the weight of each block. All scales contain more than 
one type of block, so weights of blocks cannot be found directly. In some cases, one scale has two sets of 
the same two blocks and another scale contains that set of blocks and a different block. Students figure 
out the value of one set of blocks, replace the set of blocks on the other scale with its value, and then 
determine the weight of the remaining block(s) on the scale. 


In other cases, all blocks on one scale are a subset of blocks on a second scale. Students replace the set of 
blocks with its value in order to find the weight of the other block or blocks on the second scale. 


Once the value of one block is determined, urge students to record its value on all blocks of that type on 
all scales. This will enable students to figure out the weights of the remaining blocks. Encourage students 
to check solutions by replacing each block with its weight and comparing the total weight with the scale 
indicator. 


Solutions 


LA:wt+txt+y+z=145 B:w+w4+x=10; C:w+x+y=9; Diwt+y+wt+y=10: 
w = 3 pounds, x = 4 pounds, y = 2 pounds, z = 5 pounds 

2.A:w+x+y=16; Bi:w+x+y+z=245 C:w+x+w+x= 24, D:x+z+z=21: 
w = 7 pounds, x = 5 pounds, y = 4 pounds, z = 8 pounds 

3.A:ytzty4+z=28 B:xty4+z=21; C:w+wt+y=18 D:w+xt+y4+z= 26: 
w = 5 pounds, x = 7 pounds, y = 8 pounds, z = 6 pounds 

4,.A:x+x+7= 26; Biw+x+z= 28; C:x4+z4+x4+2=34 Di:wt+yt+y=20: 
w = 6 pounds, x = 9 pounds, y= 7 pounds, z = 8 pounds 

5.Ary+txt+y+x= 26; Bix+y+w=17; C:w+x+x=20; Diw+x+y4+z=26: 
w = 4 pounds, x = 8 pounds, y = 5 pounds, z = 9 pounds 

6.A:wt+y+z= 22; B:x+ty+z+z=25; C:x+y4+z=20; Diw+z+w+z=26: 
w = 8 pounds, x = 6 pounds, y = 9 pounds, z = 5 pounds 
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Scale A 


Describe There are four scales with blocks. 
A: y,x,y,x blocks weigh 28 pounds. 
B: x,y,z blocks weigh 23 pounds. 
C: w,x,y,z blocks weigh 28 pounds. 
D: x,x,z blocks weigh 25 pounds. 


My Job Use the scales as clues. Figure out the weights of the blocks. 


Plan Write equations, one for each scale. 
A:y+tx+y+x=28; B:x+y+z= 23; 
C:w+xt+y4+z2= 28; Di:x+x+z= 25. 


Look for equations that are related. 


Solve A:y+x+y+x= 28. There are two of each block, so y+ x = 14 
B:x+ty+z= 23. Replace x+y with 14. 
144+ z= 23, and 
z= 23-14, or 9 pounds. 
D:x+x+z= 25. Replace z with 9. 
xtx+9=25, 2x = 25-9, or 16, and 
x= 16+ 2, or 8 pounds. 
A:x+y= 14. Replace x with 8. Then 8+ y= 14. 
y= 14-8, or 6 pounds. 
C:w+x+y+z= 28. From B, x+y+z= 23. Replace x + y+ z with 23; 
w+ 23 = 28, and w = 28 — 23, or 5 pounds. 


Check Replace each block with its weight. Check that the totals equal the number 
of pounds shown on the scales. 
A:6+8+6+8 = 28 B:8+6+9= 23; C:54+84649 = 28; 
D:8+8+4+9= 25. 


Write equations. Figure out the weights of the blocks. Same blocks weigh the same. 
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Scale A Scale B Scale C 


w =? pounds, x =? pounds,y =? pounds,z =? pounds 


Scale A Scale B Scale C Scale D 


w =? pounds,x =? pounds,y =? pounds,z =? pounds 


Scale A Scale B Scale C 


w =? pounds,x =? pounds,y =? pounds,z =? pounds 


Write equations. Figure out the weights of the blocks. 
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Scale c 


Scale A 


w =? pounds,x =? pounds,y =? pounds,z =? pounds 


Scale A 


—_ 


Scale C 


w =? pounds,x =? pounds,y =? pounds,z = ? pounds 


——= 


Scale C 


w =? pounds,x =? pounds,y =? pounds,z = ? pounds 


9.7 Hanging Scales Extra for Experts 


Extra for Experts Hanging Scales — Solve for Unknowns 

Solutions 

1LA:x+z4+z=19; B:x+y+z+z= 28 C:wt+x+z+z=25; Diw+tyt+wt+y=10 
w = 6 pounds, x = 5 pounds, y =9 pounds, z= 7 pounds 

2.A:w+x+y=19; Biw+x+z7=22; C:w+x+y+y=26; Diw+z+w+z=36: 
w = 8 pounds, x = 4 pounds, y=7 pounds, z= 10 pounds 
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3.A:x+y+y=29; B:x+x+y+y=36; C:w+xt+yt+y=38 D:w+z+z=25: 
w =9 pounds, x =7 pounds, y= 11 pounds, z=8 pounds 


Write equations. Figure out the weights of the blocks. Same blocks weigh the same. 


Scale A Scale B Scale C 


w =? pounds,x =? pounds,y =? pounds,z =? pounds 


Scale A Scale B Scale C 


w =? pounds, x =? pounds,y = ? pounds,z =? pounds 


Scale B 


w =? pounds, x =? pounds,y = ? pounds,z =? pounds 


9.8 Speedo 


Speedo — Use Formulas 
Teacher Notes 


Students apply the distance = rate x time (D = rt) formula to the solution of problems involving average 
speeds. For some problems, students will convert feet to miles (1 mile = 5280 feet) and seconds to minutes 
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to hours. Encourage students to use calculators for the “messy” calculations. 
Solutions 
Speedo 1 


D=rt 
D = 264 ft/sec x 0.5 sec 
D = 132 ft 


Speedo 2 


D=rt 

5000 ft = 200 ft/sec xt 
5000 ft __ 

200 ft/sec 

25 seconds = t 


Speedo 3 


D=rt 

$ mile = 2280 or 2640 ft 
2640 = 37.9 ft/sec xt 
2640 _ 

37.9 
69.7 sec=t 


tis about 1 minute. 


The average speed of the winner in the 30-minute bicycle race was 52 feet per second. To 


the nearest tenth of a mile, how many miles was the race? 


Describe : Speed is 52 feet per second. 


Time is 30 minutes. 


My Job: Figure out the length of the race in miles. 


Plan : Speed is another name for rate. Since time is in minutes, figure out the rate 


in minutes. Replace ¢ and r with their values in the formula, D = rt. Solve 
for D in feet. Divide the number of feet by 5280 to get the number of 


miles. 
Solve : Rate: 52 feet/second is 52 x 60 seconds/minute, or 3120 feet/minute. 
D=rt 
D = 3120 ft/min x 30 min, or 93,600 ft 
93, 600 

fee aca 

5280 ft/mile 
D = 17.7 miles 


The race was 17.7 miles long. 


12 
Check : 3120 ft/min is = or 0.59 miles/min 


In 30 minutes, the biker will cover 30 x 0.59 miles, or 17.7 miles. 


Use the D = rt formula. 
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Solve these problems. 
Show the steps. 


1. The fastest moving ball in any game is the pelota in the game of Jai-Alai. In one game the 
pelota was clocked at 264 feet per second. At that speed, how far will the pelota travel in 0.5 
seconds? 


2. A sky diver in free fall sometimes reaches a speed of 200 feet per second. At that speed, how 
long would it take a sky diver to descend 5000 feet? 


3. One of the record speeds for a roller skater is 37.9 feet per second. At this speed, about how 
many minutes would it take to skate 5 mile? 


Extra for Experts: Speedo — Use Formulas 
Solutions 

Extra for Experts, Speedo 1 
D=rt 

100 yards = 300 ft 

300 ft = 6.65 ft/sec xt 

300 ft/6.65 ft/sec =t 

t is about 45 seconds. 

Extra for Experts, Speedo 2 
D=rt 

9 ft = rx 0.075 sec 

9 ft/0.075 sec=r 

120 ft/sec=r 

Extra for Experts, Speedo 3 
D=rt 

59 ft= rx 0.3 sec 

59 ft/0.3 sec=r 

196.7 ft/sec=r 

Extra for Experts: Speedo — Use Formulas 
Use the D= rt formula. 

Solve these problems. 


Show the steps. 


1. One of the fastest swimmers swam 100 yards at the rate of 6.65 feet per second. How long 
did it take the swimmer to swim the 100 yards? 
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2. A hard hit table tennis ball can travel the length of the 9 foot table in 0.075 second. At that 
speed, how far would the table tennis ball travel in one second? 


3. In 0.3 second, a well hit volley ball can travel 59 feet, the length of a volley ball court. How 
far could a hard hit volleyball travel in one second? 


9.9 Lines of Numbers 


Lines of Numbers — Identify Patterns Reason Proportionally 
Teacher Notes 


In Lines of Numbers, students examine repeating patterns, predict the n** number in the pattern, and 
figure out the sum of the first n numbers in the pattern for various values of n. 


Solutions 


1. 

a. The 25'* number is 1 : 
25 + 4 is 6 with one left over and 4x 6 = 24. So the 24*" number is 4, the last number in 
the set. The 25** number is 1, the first number in the set. 

b. The 75°" number is 3 : 
75 +4 = 18 with 3 left over and 4x 18 = 72. So the 72™¢ number is 4. 
The 73°¢ number is 1, the 74*" is 2, and the 75" is 3. 

c. The sum of the first 75 numbers is 186 : 
The sum of one set of 1, 2, 3, and 4 is 10. From the answer to question b, we know that 
18 sets of four numbers ends with 72. The sum of the first 72 numbers is 
10 x 18, or 180. The three left over numbers are 1, 2, and 3, and their sum is 6. So the 
sum of the first 75 numbers in the pattern is 180 + 6, or 186. 


a. The 40° number is 2 : 
AO + 3 is 13 with one left over and 3 x 13 = 39. So the 39*" number is 4, the last number 
on the set. The 40*" number is 2, the first number in the set. 

b. The 110°" number is 3: 
110 + 3 = 36 with 2 left over and 3 x 36 = 108. So the 108" number is 4. 
The 109*® number will be 2, and the 110" is 3. 

c. The sum of the first 110 numbers is 329 : 
The sum of one set of 2, 3, and 4 is 9. From the answer to question b, we know that 36 
sets of three numbers ends with 108. The sum of the first 108 numbers is 9 
x 36, or 324. The two left over numbers are 2 and 3, and their sum is 5. So the sum of the 
first 110 numbers in the pattern is 324+ 5, or 329. 


a. The 70°" number is 3: 
70 + 4 is 17 with two left over and 4x 17 = 68. So the 68" number is 7, the last number 
in the set. The 69*" number is 1, and the 70* is 3. 

b. The 175*" number is 5: 
175 + 4 = 43 with 3 left over and 4 x 43 = 172. So the 172"¢ number is 7. 
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The 173°¢ number is 1, the 174'* is 3, and the 175" is 5. 

. The sum of the first 175 numbers is 697 : 
The sum of one set of 1, 3, 5, and 7 is 16. From the answer to question b, we know that 
43 sets of four numbers ends with 172. The sum of the first 172 numbers is 
16 x 43, or 688. The three left over numbers are 1, 3, and 5, and their sum is 9. So the 
sum of the first 175 numbers in the pattern is 688 + 9, or 697. 


lo) 


a. The 47" number is 8 : 
47 +3 is 15 with two left over and 3 x 15 = 45. So the 45'" number is 9, the last number 
in the set. The 46" number is 7, the first number in the set, and the 47" number is 8. 
b. The 100*" number is 7: 
100 + 3 = 33 with 1 left over and 3 x 33 = 99. So the 99*" number is 9. 
The 100" number is 7. 
c. The sum of the first 100 numbers is 809 : 
The sum of one set of 7, 8, and 9 is 24. From the answer to question b, we know that 33 
sets of three numbers ends with 99. The sum of the first 99 numbers is 33 


x 24, or 802. The 100" number is 7. So the sum of the first 100 numbers in the pattern is 
802 + 7, or 809. 


a. The 27*" number is 6: 


27 = 4 is 6 with three left over and 4x 6 = 24. So the 24*" number is 8, the last number on 
the set. The 25'" number is 4, the first number in the set, the 26*» number is 4, and the 27% 
number is 6. 
b. The 78°" number is 4 : 
78 +4= 19 with 2 left over and 4x 19 = 76. So the 76" number is 8. 
The 77" number is 4, and the 78*" is 4. 
. The sum of the first 78 numbers is 426 : 
The sum of one set of 4, 4, 6, and 8 is 22. From the answer to question b, we know that 
19 sets of four numbers ends with 76. The sum of the first 76 numbers is 
19 x 22, or 418. The two left over numbers are 4 and 4, and their sum is 8. So the sum of 
the first 78 numbers in the pattern is 418+ 8, or 426. 


lo) 


6. 
1. The 70° number is 3: 
70 +4 is 17 with two left over and 4 x 17 = 68. So the 68" number is 7, the last number 
in the set. The 69*" number is 1, and the 70" is 3. 
2. The 175** number is 5 : 


175 + 4 = 43 with 3 left over and 4 x 43 = 172. So the 172"¢ number is 7. 
The 173°¢ number is 1, the 174'® is 3, and the 175" is 5. 
3. The sum of the first 175 numbers is 697 : 
The sum of one set of 1, 3, 5, and 7 is 16. From the answer to question 2, we know that 
43 sets of four numbers ends with 172. The sum of the first 172 numbers 
is 16 x 43, or 688. The three left over numbers are 1, 3, and 5, and their sum is 9. So the 
sum of the first 175 numbers in the pattern is 688 + 9, or 697. 
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Describe: The number pattern keeps repeating the numbers 3, 4, and 4. 


My job: — Figure out the 50°" and 200"" numbers and the sum of the first 200 numbers. 


Plan : The numbers are in sets of three: 3, 4, and 4. For each question, 
e Find how many sets of three numbers there are and how many numbers are left over. 
e Then to find the 50" and the 200" numbers. 
e To find the sum of the first 200 numbers, multiply the number of sets of three 


numbers times the sum of the three numbers, and add the number left over numbers. 


Solve : a. The 50 number is 4: 
50 + 3 is 16 with 2 left over and 3 x 16 = 48. 
So the 48'* number is 4, the last number in the set. 


The 49*" number will be 3, and the 50°” will be 4. 


b. The 200° number is 4: 
200 + 3 = 66 with 2 left over and 3 x 66 = 198. 
So the 198" number will be 4. The 199*" number will 
be 3, and the 200” will be 4. 


c. The sum of the first 200 numbers is 333 : 
11 is the sum of one set of 3, 4, 4 
There are 66 sets of three numbers ends with 198. 
11 x 66, or 726 is the sum of the first 198 numbers. 3+ 4, or 7 is the sum of the 
two left over numbers. 


So, 726+ 7, or 733 is the sum of the first 200 numbers in the pattern. 
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Check : 
a. The 1%, 4t*, 7%, and so forth numbers are 3’s. All positions one more than a 
multiple of 3 are 3’s. So the 49'" number is 3 and the 50" is 4. 
b. 199 is one more than a multiple of 3, so the 199'* number is 3 and the 200" is 4. 
c. There are 66 sets of 3 in 200, with two left over. The sum of the first 
66 sets of three numbers is 11 x 66, or 726, and the sum of the two extra numbers 


is 7, so the sum is 733. 


1234123412341234... 


The pattern continues. 
a. What is the 25" number in the pattern? 
b. What is the 75" number in the pattern? 


c. What is the sum of the first 75 numbers in the pattern? 
How did you figure it out? 


234234234234... 


The pattern continues. 
a. What is the 40" number in the pattern? 
b. What is the 110" number in the pattern? How did you figure it out? 


c. What is the sum of the first 110 numbers in the pattern? 
How did you figure it out? 


NGOS TASO T1310 TSO 0. 


The pattern continues. 
a. What is the 70" number in the pattern? 
b. What is the 175" number in the pattern? How did you figure it out? 


c. What is the sum of the first 175 numbers in the pattern? 
How did you figure it out? 


789789789789789789.... 


The pattern continues. 
a. What is the 47" number in the pattern? 
b. What is the 100" number in the pattern? How did you figure it out? 


c. What is the sum of the first 100 numbers in the pattern? 
How did you figure it out? 


www.ck12.org 438 


9.10 Lines of Numbers Extra for Experts 


Extras for Experts: Lines of Numbers - Identify Patterns and Reason Proportionally 


Solutions 


1. 

a. The 50°* number is 1 : 
50 +6 is 8 with 2 left over and 8 x 6 = 48. So the 48*" number is 3, the last number in 
the set. The 50° number is 2, the second number in the set. 

b. The 100*" number is 3: 
100 + 6 = 16 with 4 left over and 6 x 16 = 96. So the 96"" number is 3. 
Then the 100°" number is 3. 

c. The sum of the first 100 numbers is 232 : 
The sum of one set of 1, 2, 2, 3, 3, and 3 is 14. From the answer to question b, we know that 
16 sets of six numbers ends with 96. The sum of the first 96 numbers is 
16 x 14, or 224. The four left over numbers are 1, 2, 2, and 3, and their sum is 8. So the 
sum of the first 100 numbers in the pattern is 224 + 8, or 232. 


a. The 70‘ number is 4 : 
70 +4 is 17 with two left over and 4 x 17 = 68. So the 68" number is 6, the last number 
on the set. The 70** number is 4, the second number in the set. 

b. The 125*" number is 3: 
125 +4 = 31 with one left over and 4 x 31 = 124. So the 124 number is 6. 
The 125*" number will be 3. 

c. The sum of the first 125 numbers is 561 : 
The sum of one set of 3, 4, 5, and 6 is 18. From the answer to question b, we know that 31 
sets of three numbers ends with 124. The sum of the first 124 numbers is 18 x 31, 
or 558. The left over numbers is 3. So the sum of the first 125 numbers in the pattern is 
558 + 3, or 561. 
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a. The 67"" number is 3: 
67 +5 is 13 with two left over and 5 x 13 = 65. So the 65*" number is 9, the last number 
in the set. The 66" number is 1, and the 67" is 3. 
b. The 129*" number is 7: 
129 + 5 = 25 with 4 left over and 5 x 25 = 125. So the 125*" number is 7. 
The 129¢" is 7, the fourth number in the set. 
c. The sum of the first 129 numbers is 641 : 
The sum of one set of 1, 3, 5, 7, and 9 is 25. From the answer to question b, we know that 
25 sets of four numbers ends with 125. The sum of the first 125 numbers is 
25 x 25, or 625. The four left over numbers are 1, 3, 5, and 7, and their sum is 16. So the 
sum of the first 129 numbers in the pattern is 625 + 16, or 641. 


122333 12253312233 3... 


The pattern continues. 
a. What is the 50" number in the pattern? 
b. What is the 100" number in the pattern? 


c. What is the sum of the first 100 numbers in the pattern? Explain. 


345634563456... 


The pattern continues. 
a. What is the 70" number in the pattern? 
b. What is the 125" number in the pattern? 


c. What is the sum of the first 125 numbers in the pattern? Explain. 


135979135791 35791 3579... 


The pattern continues. 

a. What is the 67" number in the pattern? 

b. What is the 129" number in the pattern? 

c. What is the sum of the first 129 numbers in the pattern? Explain. 


9.11 Fruit Confusion 


Fruit Confusion — Reason Proportionally 


Teacher Notes 
In each problem, students are presented with a box of fruit labeled with it weight or cost, and a sign giving 
the cost for one or more pounds of the fruit or the cost of two or more pieces of the fruit. The pieces of 


fruit are of the same type (eg., all bananas) and are countable. Students use a proportion to figure out the 
average weight or cost of one piece of fruit. Students may use calculators for the computations. 
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Solutions 


1. $0.14; wa = ere so x is about $0.83. One orange is $0.83 + 6 or about $0.14. 


2. $3.60; 2 Bomes ents so x = $5.40, the cost of 1.5 pounds. The cost of one pound is $5.40 + 1.5, 


> x dollars 
or $3.60. 
3. 0.7 pounds; 2 pene == nae so x = 4.2 pounds. One grapefruit weighs 4.2+6, or about 0.7 pounds. 


4. $0.05; 3 pounds _ 1.5 pounds “2, y — $0.60, and $0.60 + 12 = $0.05. 


x dollars ’ 


$1.20 


Bananas: 
4 pounds 
for $2.00 
About how much doés one banana cost? 
Describe : There are 8 bananas in a box weighing a total of 3.2 pounds. A sign shows that 


4 pounds of bananas cost $2.00. 
My Job: Figure out the cost of one banana. Assume bananas weigh the same. 


Plan: Use a proportion to figure out the cost of 3.2 pounds of bananas. 


Then divide that cost by 8 to get the cost of one banana. 


4 pounds _ 3.2 pounds” 


lve: —___—_- = ———_: 4x = $2.00 x 3.2. So, 4x = $6.40, d $6.40 + 4 = $1.60. 

mee $2.00 x dollars’ ? . ear anes : 
One banana costs $1.60 + 8, or $0.20. 

Check : One banana weighs 3.2 + 8, or 0.4 pounds and costs $0.20. 


10 bananas x 0.4 pounds/banana = 4 pounds. 
10 bananas x $0.20/banana = $2.00 


Oranges: 
$0.69 per 
pound 


About how much does one orange cost? 
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Avocados: 


4f 2.40 
1.5 pounds 2 


What is the average cost of one pound of avocados? 


Grapefruits: 
2 pounds 
for $1.00 


About how much does one grapefruit weigh? 


Lemons: 
3 pounds 


1.5 pounds for $1.20 


About how much does one lemon cost? 


9.12 Fruit Confusion Extra for Experts 


Extra for Experts: Fruit Confusion — Reason Proportionally 


Solutions 


1. 10; 2 pounds — 4 pounds | .. x is $1.20, and $1.20 ~ $0.12 is 10. 


$0.90 x dollars? 
2. 21; pounds _ 2 pouids “so x = $6.30, and $6.30 + $0.30 = 21 
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Apples: 
3 pounds 
for $0.90 


The apples cost about 12¢ each, 
How many apples are in the box? 


Kiwis: 
4 pounds 
for $5.04 


The kiwis cost about 30¢ each, 
About how many kiwis are in the box? 


9.13 Yummy Yogurt and Yummy Yogurt Extra 
for Experts 


Yummy Yogurt — Write Function Rules 
Notes to Teachers 


Students use facts on signs to complete tables of related data. They use variables to write rules that relate 
Number of Scoops to Total Cost. All functions are of the form y = n(a)+b. In that function, y represents 
the total cost of a cone of yogurt. The total cost is the sum of the cost of the cone or some other fixed 
item (b) and the product of the number of scoops (n), which varies, and the cost of one scoop (a). 


Solutions 


Yummy Yogurt 1 


a. 
Table 9.1: 
Number of Scoops Total Cost 
1 $4.50 
2 $6.00 
3 $7.50 
4 $9.00 
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b. Rule: T = $1.50s + $3.00 
Yummy Yogurt 2 


a. 


Table 9.2: 
Number of Scoops Total Cost 
1 $5.75 
2 $8.75 
3 $11.75 
4 $14.75 
b. Rule: T = $3.00p + $2.75 
Yummy Yogurt 3 
a. 
Table 9.3: 
Number of Scoops Total Cost 
1 $3.50 
2 $5.50 
3 $7.50 
4 $9.50 
b. Rule: T = $2.00n + $1.50 
Yummy Yogurt 4 
a. 
Table 9.4: 
Number of Scoops Total Cost 
1 $3.25 
2 $4.50 
3 $5.75 
4 $7.00 


b. Rule: T = $1.25b + $2.00 


Number of Total Cost 
Scoops 


Yummy’s 
Yogurt Cones 


Cone $1.00 
Scoops $2.00 each 


1 
3 
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as aes 


Yummy’s sells yogurt desserts. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use nm for number 


of scoops and T for total cost. 


Describe : The sign shows the cost of a cone and the cost of one scoop of yogurt. 


The table has two columns, one for number of scoops and the other for total cost. 


My Job: Complete the table for 1 through 4 scoops of yogurt. Write a function rule 


to show how total cost is related to number of scoops and the cost of the cone. 


Plan : Start with the table. Remember to include the cost of the cone in the total 


cost. Then write the rule. 


Solve : 
Table 9.5: 
Number of Scoops Total Cost 
1 $3.00 
2 $5.00 
3 $7.00 
4 $9.00 


Rule: T = $2.00n + $1.00 


Check : Use the rule to verify the table. 


$2.00 x 1 + $1.00 = $3.00 
$2.00 x 2 + $1.00 = $5.00 
$2.00 x 3 + $1.00 = $7.00 
$2.00 x 4 + $1.00 = $9.00 


Yummy Yogurt 1 — Write Function Rules 


Yogurt Sundaes 


Number of Total Cost 
Ce (a 


Fruit Topping $1.00 
Scoops $1.50 each 
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Celeste’s sells yogurt sundaes. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use s for number 
of scoops and T for total cost. 


Yummy Yogurt 2 — Write Function Rules 


vane Number of Total Cost 
b ] 
peucoeas soeoe? ee | 


Yogurt Splits 


Banana and Syrup 
for $2.75 


Scoops $3.00 each 


Delicioso’s sells yogurt banana splits. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use p for number 
of scoops and M for total cost. 


Yummy Yogurt 3 — Write Function Rules 


Flavor’s 
Yogurt Floats 


Scoops $2.00 each 
Root Beer $1.50 


Flavor’s sells yogurt floats. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use nm for number 
of scoops and £ for total cost. 


Yummy Yogurt 4 — Write Function Rules 


Yaley’s 
Yogurt Cups 


Scoops $1.25 each 
Chocolate Cup $2.00 
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Yaley’s sells yogurt chocolate cups. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use 6 for number 
of scoops and C for total cost. 


Extra for Experts: Yummy Yogurt — Write Function Rules 
Solutions 


Extra for Experts: Yummy Yogurt 1 


a. 
Table 9.6: 
Number of Scoops Total Cost 
1 $4.50 
2 $7.50 
3 $10.50 
4 $13.50 
b. Rule: R = $3.00¢ + $1.50 
Extra for Experts: Yummy Yogurt 2 
a. 
Table 9.7: 
Number of Scoops Total Cost 
1 $4.00 
2 $5.25 
3 $6.50 
4 $7.75 


b. Rule: V = $1.25q + $2.75 
Extra for Experts: Yummy Yogurt 1 — Write Function Rules 
5 ; Number of Total Cost 
Mixer Ss Scoops 
Yogurt Slush a a 


Fruit Juice $1.50 
Scoops $3.00 each 


Mixer’s sells yogurt slushes. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use ¢ for number 
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of scoops and R for total cost. 


Extra for Experts: Yummy Yogurt 2 — Write Function Rules 


Number of Total Cost 
Scoops 


Fabulous’s 
Yogurt Sandwiches 


Sandwich Cookie 
Crust $2.75 
Scoops $1.25 each 


a 
a 
a a 
at ees, 


Fabulous’s sells yogurt sandwiches. 


a. Use the information in the sign. Complete the table to show how total cost is related to number of 
scoops. 


b. Write a rule to represent the relationship between number of scoops and total cost. Use g for number 
of scoops and V for total cost. 


9.14 Pedal Power 


Pedal Power — Write Functions Rules from Graphs and Tables 
Teacher Notes 


Presented with line graphs representing two bikers’ speeds and a Fact about their relative speeds, students 
complete Distance-Time tables for each biker, and write functions to represent the relationship between 
number of miles and number of hours traveled for each biker. All line graphs show time in number of hours 
on the horizontal axis and distance in number of miles on the vertical axis. 


Solutions 
Table 9.8: Pedal Power 1 
Time (Number of hours) Spiro Distance (Number of Hendricks Distance (Num- 
miles) ber of miles) 

0 0 0 

1 0 6 

2 3 12 

3 6 18 

4 9 24 

5 12 30 


Spiro: D = 3(t- 1) 
Hendricks: D = 6t 
Table 9.9: Pedal Power 2 


Time (Number of hours) Kelly Distance (Number of Finley Distance (Number of 
miles) miles) 
0 0 0 


www.ck12.org 448 


Table 9.9: (continued) 


Time (Number of hours) Kelly Distance (Number of Finley Distance (Number of 
miles) miles) 

1 0 6 

2 0 12 

3 8 18 

4 16 24 

5 24 30 


Kelly: D = &(t — 2) 
Finley: D = 6t 


Solutions 
Table 9.10: Pedal Power 3 
Time (Number of hours) Robinson Distance (Number Cranston Distance (Number 
of miles) of miles) 

0 0 0 

1 0 10 

2 5 20 

3 10 30 

4 15 AO 

5 20 50 


Robinson: D = 5(t- 1) 
Cranston: D = 10t 


Table 9.11: Pedal Power 4 


Time (Number of hours) Landis Distance (Number of Bricknell Distance (Number 
miles) of miles) 

0 0 0 

1 0 4 

2 0 8 

3 0 12 

4A 8 16 

5 16 20 


Landis: D = 8(t- 3) 
Bricknell: D = 4t 
Pedal Power — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


Number of Hours (t) 


Fact: Judson left on the bike hike one hour after Connor and biked at a faster speed than 
Connor. 

Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (ft) traveled for each biker. 


Connors 
Distance Distance 
(Number (Number 
of miles) of miles) 


Judson: 


Connors: 
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Describe : 


My Job: 


Plan : 


Solve : 


Time (Number of hours) 


The graph is a Distance-Time graph and shows two lines. One line is 
steeper than the other. One line starts where t = 0. The other line starts 
where t = 1. The Fact identifies two bikers, Judson and Connors. 


Judson left one hour after Connors and rode faster than Connors. 


Use the graph and the Fact to figure out which line represents each biker. 
Use the graph data to complete the table for each biker. Write the function 


that shows the relationship between Distance and Time for each biker. 


Use the Fact and graph to identify the line that represents Judson 
Complete the table for Judson using points on the line. Write the 


function rule. Do the same for Connors. 


Since Judson leaves later than Connors, line b represents Judson. Judson’s 
number of hours is one less than the number of hours Connors bikes. 


Judson’s line is steeper. This means that Judson is biking faster than Connors. 


Table 9.12: 


Judson Distance (Number of Connors Distance (Number 


miles) of miles) 
0 0 0 
1 0 5 
2 10 10 
3 20 15 
4 30 20 
5 40 25 
Judson: D = 10(t-1) 
Connors : D = 5t 
Check : Replace variables in the functions with their values. Check results 
with data in the table. 
Table 9.13: 
Judson D = 10(t- 1) Connors D = 5t 
For t= 1 0=10(1-1) 5=5x1 
For t = 2 10 = 10(2 - 1) 10=5x2 
For t= 3 20 = 10(3 - 1) 15=5x3 
For t=4 30 = 10(4 - 1) 20=5x4 
For t= 5 40 = 10(5 - 1) 25 =5x5 


Pedal Power 1 — Write Functions Rules from Graphs and Tables 


Number of Miles (D) 


Number of Hours (t) 


Fact: Spiro left 1 hour after Hendricks and biked at a slower speed. 


Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Hendricks 
Distance Distance 
(Number (Number 
of miles) of miles) 


Spiro: 


Hendricks: 


Pedal Power 2 — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


Number of Hours (t) 


Fact: Kelly left 2 hours after Finley and biked at a faster speed. 


Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Finley 
Distance Distance 
(Number (Number 
of miles) of miles) 


Finley: 


Pedal Power 3 — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


Number of Hours (t) 


Fact: Robinson left 1 hour after Cranston and biked at half of Cranston’s speed. 


Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Robinson Cranston 
Distance Distance 
(Number (Number 
of miles) of miles) 


Robinson: 


Cranston: 


Pedal Power 4 — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


GRRURSaHnHiE 
PSST 


Number of Hours (t) 


Fact: Landis left 3 hours after Bricknell and biked twice as fast as Bricknell. 


Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Time Landis Bricknell 
(Number| Distance Distance 
of hours)| (Number (Number 

of miles) of miles) 


Landis: 


Bricknell: 


9.15 Pedal Power Extra for Experts 


Extra for Experts: Pedal Power — Write Functions Rules from Graphs and Tables 
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Solutions: 


Extra for Experts, Pedal Power: 1 


Table 9.14: 
Time (Number of hours) Jefferson Distance (Number Richards Distance (Number 
of miles) of miles) 

0 0 0 

1 6 0 

2 12 0 

3 18 18 

4 24 36 

5 30 54 
Jefferson: D = 6t 
Richards: D = 18(t — 2) 
Extra for Experts, Pedal Power: 2 

Table 9.15: 
Time (Number of hours) Prentiss Distance (Number Jerome Distance (Number of 
of miles) miles) 

0 0 0 

1 0 8 

2 0 16 

3 16 24 

4 32 32 

5 48 AO 


Prentiss: D = 16(t— 2) 
Richards: D = 8t 
Extra for Experts: Pedal Power 1 — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


0 1 2 3 4 5 
Number of Hours (t) 


Fact: Jefferson biked one-third Richards speed. Jefferson left 2 hours before Richards. 


Use the Fact and the graph. Complete the table for each biker showing distance traveled. 
Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Jefferson Richards 
Distance Distance 
(Number (Number 
of miles) of miles) 


Jefferson: 


Richards: 


Extra for Experts: Pedal Power 2 — Write Functions Rules from Graphs and Tables 
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Number of Miles (D) 


aie of Hours (t) 


Fact: Prentiss biked twice as fast as Jerome and left 2 hours after Jerome. 
Use the Fact and the graph. Complete the table for each biker showing distance traveled. 


Write a function to show the relationship between number of miles traveled (D) and number 
of hours (t) traveled for each biker. 


Prentiss Jerome 

Distance Distance 
(Number (Number 
of miles) of miles) 


Prentiss: 


Jerome: 
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